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Abstract

We study quantitative local embeddability into finite groups for restricted wreath prod-
ucts. Bradford proved estimates for wreath products with finite centerless lamps and asked for
computations beyond that setting. We prove several such estimates.

First, we observe that the standard volumetric lower bound does not require a centerless
finite lamp: any finitely generated non-abelian lamp group gives

Lawr(n) = exp(yr(n))

for every infinite finitely generated base group I'. In particular, if A is finite non-abelian and T’
is efficiently LEF, then
Law(n) = exp(yr(n)).

For free abelian bases we compute abelian lamps. If A # 0 is finitely generated abelian, then
L pza(n) ~ exp(n).

Consequently, for every finite non-trivial group A,

Lo (n) ~ exp(n), A abelian,
A = exp(n?), A non-abelian.

For d = 1 the two displayed alternatives are coarsely equivalent, but the mechanisms remain
different.

We then treat split virtually abelian lamps. Let A = A x P, where A is finitely generated
abelian and P is finite, and put

p = rankz[A, P].
We prove the trichotomy
exp(n), A abelian and non-trivial,
Lagza(n) ~ < exp(n?), p =0 and A non-abelian,

exp(ntlogn), p> 0.

In particular,
Lp_z4(n) =~ exp(n?logn).

Finally, for the discrete Heisenberg group Hs(Z), we prove that if A is finite non-abelian, then
L, z)(n) ~ exp(n?).

We also record a congruence lemma for the group algebra F,[H3(Z)], relevant to the still-open
abelian-lamp case C), ! H3(Z).
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1 Introduction

A finitely generated group is locally embeddable into finite groups, or LEF, if every finite part of
its multiplication table embeds into a finite group. Bradford introduced a quantitative version,
the LEF growth function L£g(n), defined as the least order of a finite group into which the ball of
radius n in G locally embeds [1]. Bradford computed this invariant in several examples, including
estimates for wreath products with finite centerless lamps, and asked for further computations
outside that regime.

This paper gives such computations for several families of restricted wreath products

AT =AD 1.

Here A is the lamp group and I' is the base group. The guiding principle is that the base determines
how many lamp positions are visible at scale n, while the lamp determines the finite cost per
visible position. Finite non-abelian lamps impose a constant cost per position, abelian lamps can
be compressed into finite modules, and virtually abelian lamps with an infinite moved direction
impose a logarithmic cost per position.

The first point is that the usual lower-bound mechanism for finite centerless lamps is not a
centerlessness phenomenon. It is a non-commutativity phenomenon.
Theorem A. Let A be a finitely generated non-abelian group, and let I be a finitely generated
infinite group. Then

Lar(n) = exp(yr(n)),

where yr(n) = |Br(n)|. If A is finite non-abelian and

Lr(n) ~~r(n),



then
Lagr(n) =~ exp(yr(n)).

The proof of the lower bound is robust. In a local finite model, lamp subgroups over different
base points commute. Choosing two non-commuting lamp elements at each point forces each new
lamp position to contribute a non-trivial central quotient. Multiplying this contribution over yr(n)
independent positions gives the exponential lower bound.

The next results concern I' = Z%. Abelian lamps behave differently from non-abelian finite
lamps. Although a lamp configuration may be supported in a polynomially large box, an element
of the word ball is described by only linearly many lamp operations. A sparse-evaluation argument
over finite fields and finite Galois rings compresses all visible abelian lamp data into a finite module
of size exp(O(n)).

Theorem B. Let A # 0 be a finitely generated abelian group. Then, for every d > 1,

L gz4(n) ~ exp(n).

Combining this with Theorem A gives the finite-lamp computation over Z¢.
Theorem C. Let A be a finite non-trivial group. Then

exp(n), A abelian,
Laga(n) ~ {

exp(n?), A non-abelian.
We also compute split virtually abelian lamps. Let
A=AxP,
where A is finitely generated abelian and P is finite. We write A additively and set
[A,P] = (p(a) —a:a € A, pe P), p = ranky[A, P].

The rank p measures whether the finite group P moves an infinite-order direction of A.
Theorem D. Let A = A x P, where A is finitely generated abelian and P is finite. Assume A # 1,
and put p = rankyz[A, P|. Then

exp(n), A abelian,
Layza(n) ~ < exp(nd), p =0 and A non-abelian,
exp(n®logn), p>0.

The case p > 0 is governed by linearly many powers of a non-trivial commutator at each of n¢
base positions, giving the factor logn in the exponent. The case p = 0 requires more care than
simply splitting the lamp into finite and free parts. We prove a structural lemma: in this case A
embeds into a direct product of a free abelian group and a finite group. This reduces the upper
bound to the product of the abelian sparse-evaluation model and the finite-lamp torus model.

Taking Do, = Z x Cy, with Cy acting by inversion, gives the following immediate consequence.

Corollary 1.1. For every d > 1,

Lp_za(n) ~ exp(n®logn).



Finally, we give a computation with a non-virtually-abelian nilpotent base.
Theorem E. Let H3(Z) be the discrete Heisenberg group. If A is finite non-abelian, then

[’AZHS(Z) (n) =~ eXP(n4)-

The upper bound uses finite pointed actions of H3(Z) whose Schreier balls agree with the Cayley

ball up to radius n and whose permutation images have only polynomial order. The lower bound

is Theorem A together with the word growth v, z)(n) ~ n.

The abelian-lamp Heisenberg case, already for C), ¢ H3(Z), remains open. We record in the
last section a congruence lemma for F,[H3(Z)], which separates individual sparse group-algebra
elements in congruence quotients of modulus O(n). It is not sufficient by itself to determine
the LEF growth, because an efficient local model would need to separate all visible sparse lamp
differences simultaneously in a small finite module.

2 Coarse notation and LEF growth

All groups in this paper are finitely generated unless explicitly stated otherwise. If G is generated
by a finite symmetric set S, we denote by Bg(n) the ball of radius n in the corresponding word
metric. Different finite generating sets change the functions below only up to the coarse equivalence
used here.

Given non-decreasing functions f, g : N — Ry, write

=g
if there exist constants A, B, C, D > 0 such that
f(n) < Ag(Bn+C)+ D

for all n. We write f ~ g if f < g and g < f. Thus, for instance, exp(Cn) ~ exp(n) for every fixed
C >0.

Definition 2.1. Let G be finitely generated. A map
¢ : Bg(n) = Q

from Bg(n) to a finite group @ is a local embedding if:

1. ¢ is injective;

2. (1) =1;

3. whenever z,y,zy € Bg(n), one has p(zy) = p(x)p(y).
Definition 2.2. The LEF growth of G is

La(n) = min{|Q| : Bg(n) locally embeds into the finite group Q}.

If no such Q exists, set Lg(n) = oco.

We write
Ya(n) = |Ba(n)|

for the word-growth function. Since a local embedding is injective, one always has

Li(n) > va(n).



Lemma 2.3. Let H < G be finitely generated groups. Then
Li(n) X La(n).

If G1 and Gy are finitely generated groups, then

['G1 xGa (n) = 'CGl (n)‘CGQ (n)

Proof. For the first assertion, compare word metrics. There is a constant C' such that the inclusion
sends By (n) into Bg(Cn). A local embedding of B (Cn) restricts to a local embedding of By (n).
For the product assertion, choose local embeddings

vi : Bg,(Cn) — Q, i=1,2,
where C is large enough that the n-ball of G; x G2 lies in Bg, (Cn) x Bg,(Cn). Then

(91,92) = (¢1(91), p2(92))
is a local embedding of B, xa,(n) into Q1 X Q2. This gives the stated bound. O
For groups A and I', the restricted wreath product is
AT =A0 T

We use the following convention throughout. Elements of A are finitely supported functions
I' = A, and I' acts by left translation,

(9- f)(z) = flg~ ).

Thus
(f,9)(h, k) = (f(g-h),gk).

We use the standard finite generating set: generators of I', together with generators of A placed at
the identity of I'. The copy of A supported at g € I is denoted by A,. If a € A, the corresponding
element of A is denoted by a.

We shall repeatedly use the following elementary metric observation.

Lemma 2.4. Let W = AT, with the standard generating set. There is a constant C > 1,
depending only on the chosen generating sets, such that every element of By (n) can be written as

g € Br(n), supp(f) € Br(Cn),

and every value f(x) € A has word length at most Cn in A. Conversely, for every fixred a € A,
there is a constant C, such that
lazlw < Co(1 + |2|r)

forallxz €T.

Proof. In a word of length n, the cursor in I' moves by at most one generator at each step, so it
never leaves a ball of radius n. Lamp changes occur only at positions visited by the cursor, and the
total number of lamp-generator letters is at most n. This proves the first assertion, after changing
constants to account for the chosen lamp generators.

For the converse, move the cursor from 1 to x, write the fixed element a using the generators
of A, and move the cursor back if necessary. This has length at most C,(1 + |z|r). O



3 Non-abelian lamps and finite-action models

The lower bound below is the basic source of the exponential-in-volume behavior. Notice that the
lamp is not assumed finite.

Proposition 3.1. Let A be a finitely generated non-abelian group and let T' be a finitely generated
infinite group. Then
Lar(n) = exp(yr(n)).

Proof. Choose a,b € A with [a,b] # 1, and set W = AT". Let
¢ Bw(n) = Q

be a local embedding into a finite group. Choose ¢ > 0 small enough that, for all x,y € Br(cn),
every prefix of each word

1 -1

131 - -1
azbgay by, agayay-a,”,

~1
azbya; b,

-1, -1 —1;-1
brayby “a,~,  bibyb; b,
lies in By (n), with the evident convention that the words involving two positions are used only for
x # y. This is possible by Lemma 2.4, after decreasing c.

For x € Br(cn), let
Er = {(plaz), p(bs)) < Q.

The visibility of all prefixes of the commutator word gives

[p(az), p(bs)] = ¢([az, bs]).

Since [agz,bs] # 1 and ¢ is injective on By (n), this commutator is non-trivial. Thus E, is a finite
non-abelian group. Hence E,/Z(E,) is non-cyclic, and in particular

|E./Z(E)| > 4.

If x # y, the corresponding lamp subgroups commute in W. Since the commutator words between
the generators a., b, and ay, b, are visible prefix-by-prefix, local multiplicativity gives

By, Ey] =1

in Q.
Enumerate
Br(cn) ={x1,...,xn}, N = ~r(en),
and set P; = By, --- B, » Since E, , commutes with P;_1, every element of E, ;N P;_1 commutes
with E,,. Hence
E,, NPj_1 < Z(Em].).

It follows that

Bl = [t = 1Bl By 2(E) = 4Pl
By induction,
QI = [Pn| = 47 = exp((log 4)yr(cn)).
This proves the desired lower bound. O



For finite lamps we also need upper bounds. We record two standard finite models.

Lemma 3.2. Let A be finite and let I' be finitely generated LEF. Then

L (n) = exp(Lr(n)).
Consequently, if Lr(n) ~ ~yr(n), then

Law(n) 2 exp(yr(n)).

Proof. Let R = Cn, where C' is chosen large enough for all base elements and all base products
appearing below to lie in Bp(R). Let

Y :Br(R) —» P

be a local embedding into a finite group P. We construct a local embedding of Ba,r(n) into A P.
Write elements of AT as (f,g). By Lemma 2.4, after increasing C, every (f,g) € Ba;r(n) has
g € Br(R) and supp(f) C Br(R). Define f: P — A by

f(2)) = f(z), =€ Br(R),
and f = 1 outside ¥(Br(R)). This is well-defined because 1) is injective on Br(R). Set

O(f,9) = (f,1(9)) € AL P.

We verify local multiplicativity. Suppose (f,g), (h, k), and (f, g)(h, k), all lie in Ba;r(n). The lamp
part of the product is f(g - h), where (g - h)(x) = h(g~'x). For every visible support point x, the
elements g, =1, z, g~'z, k, and the products needed to write g~'2 and gk, lie in Br(R). Hence
local multiplicativity gives

U(g ') = v(g) (), Plgk) = v(9)v (k).

These identities are exactly the identities needed for the support calculation in A} P, and they give

@((f, g)(h’ k)) = @(f,g)(l)(h, k)

If ®(f,g) = ®(f', ') for two elements of the n-ball, then ¥(g9) = ¥(g'), and injectivity of ¢ on
Br(R) gives g = ¢’. The equality f = f’, together with injectivity of ¥ on the support region, then
gives f = f’. Thus ® is injective on Ba;r(n). Consequently

Lar(n) <|ALP| = |P||A]P) < exp(Cal P)).
Minimizing over P gives the claim. O

Lemma 3.3 (Finite lamp quotient and finite-action model). Let A and T' be finitely generated
groups, and let W = AT, Let
n:A—F

be a homomorphism to a finite group. Let p : I' — Sym(Y') be an action on a finite set Y, and let
yo € Y. There is a constant C, depending only on the chosen generating sets, with the following
property. If R > Cn, if n is injective on Ba(R), and if the pointed labelled Schreier ball of the
action ' Y around yo agrees with the labelled Cayley ball of T' up to radius R, then By (n) locally
embeds into

FY x p(I).

In particular,
L (n) < [FIM|p(I)].



Proof. By Lemma 2.4, after increasing C, every element (f, g) € By (n) has g € Br(R), supp(f) C
Br(R), and all lamp values f(z) lie in BA(R). Also, every base product needed to multiply two
elements whose product is still in By (n) is visible inside the labelled radius-R Schreier ball.

For (f,g) € By (n), define f: Y — F by

f(p(x)yo) =n(f(z)), =€ Br(R),

and set f = 1 outside the image of this ball. This is well-defined because the equality with the
Cayley ball implies that the orbit map = +— p(x)yo is injective on Br(R). Set

o(f,9) = (f,p(g)) € F¥ x p(T).

The equality of labelled balls ensures that the action of each visible base element on each visible
support point is reproduced exactly in Y. Since 7 is a homomorphism and is injective on all visible
lamp values, ® preserves all products visible in By (n).

If two elements (f, g), (', g’) € Bw(n) have the same image, then p(g)yo = p(9')yo, hence g = ¢
by orbit injectivity on Br(R). Then f = f’, and orbit injectivity on the support region together
with injectivity of 1 on visible lamp values gives f = f’. Thus ® is injective on By (n). O

Combining Proposition 3.1 and Lemma 3.2 proves Theorem A.

Theorem 3.4. Let A be finite non-abelian and let " be finitely generated. If

Lr(n) ~r(n),

then
Lar(n) 2= exp(yr(n)).

4 Sparse evaluation for abelian lamps over free abelian bases
This section proves Theorem B. We identify
Azt = Al x ozl

when A is abelian, writing the lamp group additively. The action of v = (v1,...,v4) € 74 is
multiplication by t¥ = ¢{* - - ;.

We use a sparse evaluation lemma. For a Laurent polynomial over Z, the coefficient norm means
the maximum absolute value of its coefficients. For a finitely generated abelian group, decompose
it into cyclic summands and use this norm on the free cyclic summands; finite cyclic summands
require no coefficient bound.

Lemma 4.1 (Sparse evaluation). Let A be a finitely generated abelian group and let d > 1. Fix
constants Cy,C1,Cy > 0. There is a constant C, depending only on A,d,Cy, C1,Cs, with the
following property.

For every n, let P be a collection of non-zero Laurent polynomials in

Al e

such that
|P| < exp(Con),



every exponent occurring in a polynomial in P belongs to [—Cin, C1n]?, and every coefficient in a
free cyclic summand has absolute value at most Con. Then there exist a finite abelian group V,
commuting automorphisms

T,....,Ty € Aut(V),

and a homomorphism 6 : A — V. Extending 0 equivariantly by

C) (Z amtm> = ZTmH(am), T =T - T,

m

one has

O(P) #0

for every P € P, and
VI [(Th,... Ta)| < exp(Cn).

Proof. By the structure theorem and primary decomposition, we may write
S
~ T 5
A7 o @1 Z/p}Z.
j=

Let Ai,..., An be these cyclic summands and let 7; : A — A; be the coordinate projections. For
each j, let
Pj={m;(P): P €P, m(P) #0}.

It is enough to construct, for each non-empty P;, a finite module detecting every polynomial in P;,
and then take the direct product over j. Indeed, every non-zero P € P has a non-zero projection
to at least one cyclic summand. Since the number of summands depends only on A, the product
still has size exp(O(n)).

First consider a free cyclic summand A; = Z. By Bertrand’s postulate, after changing constants
and ignoring finitely many small n, choose a prime p with

2Con < p < Csn.

Reduction modulo p does not kill any polynomial in P;, because every non-zero coefficient has
absolute value at most Con < p. Choose ¢ = p* with

q > Kn|Pj|

and ¢ < exp(Cn), where K will be chosen depending only on d and C}.

After multiplication by a monomial, each Laurent polynomial in P; becomes an ordinary polyno-
mial over F, of total degree at most Dn, where D depends only on d and C. By the Schwartz-Zippel
lemma [8, 9], each such polynomial has at most Dng?~! zeros in Fg. Thus the union of all bad zero
sets has size at most

|P;| Dng® 1.

For K large enough this is strictly smaller than |(F)¢|. Hence there exists
A= (e ha) € ()

at which no polynomial in P; vanishes. Let V; = F,, additively; let T; ; be multiplication by A;;
and let 0; : Z — F, be reduction modulo p, followed by the inclusion F, C F,. Then evaluation at
A detects every polynomial in P;, and

Vil (T - Tuj)| < qlg — 1)* < exp(Cn).



Now consider a finite cyclic summand A; = Z/p§Z. Let Ry, be the unramified extension of Z/piZ
of degree k, so that its residue field is IE‘ 5 and let Teichmuller representatives give multiplicative

lifts of IFXk to R, . For each non-zero polynomlal P € Pj, let s(P) be the minimal py-adic valuation

of its non zero coefficients. Then )
S

P:po Pl

with P’ having at least one unit coefficient. Reducing P’ modulo py gives a non-zero Laurent
polynomial P over [F,,,. Apply the same Schwartz-Zippel argument to the finite family of reductions

P, choosing k so that
plg > Knl|Pj|.

We obtain A € (F* ) at which none of the reductions vanishes. Let \; € R} be the Teichmuller
lift of A;. Then P’ ()\) is a unit in Ry, so
PR =py " P'(3) #0

in Ry, since s(P) < a. Let 0; : Z/p§Z — Ry, be the coefficient-ring inclusion. Thus evaluation in
the additive group V; = R}, detects every polynomial in P;. Moreover

Vil (T1j, - - Tug)| < piF(pf — 1) < exp(Cn).

Taking the direct product of all the groups Vj, the product automorphisms, and the product
homomorphism A — [[; Vj, gives the required V,T1,..., Ty, and 0. O

Theorem 4.2. Let A # 0 be a finitely generated abelian group. Then, for every d > 1,
£ e (n) = exp(n).

Proof. The lower bound follows from word growth. Choose 0 # a € A, and let
0==x9,21,...,27,

be a geodesic segment in Z¢, with I = |cn|. For each subset S C {0, ..., L}, put the lamp value a
at the positions z; with ¢ € S, put the lamp value 0 at the remaining positions, and end the cursor
at xy. If ¢ > 0 is small enough, all these elements have word length at most n. They are pairwise
distinct, so the n-ball contains at least 241! elements. Hence

L yza(n) > ypz4(n) = exp(n).
For the upper bound, write elements as (P, v), with
P e Al ., veZl

The ball Byza(n) has at most exponentially many elements. Moreover, for all elements in this
ball, the exponents occurring in P lie in [-Cn, Cn]?, and the coefficients in the free part of A have
norm at most Cn.

Let P, consist of the following non-zero Laurent polynomials:

1. all differences P — P’, where (P,v), (P’,v) € Byga(n) have the same base component and
P #£P;

2. all polynomials ag(t* — 1), where ag € A is a fixed non-zero element and 0 # u € Z? satisfies
|lulli < 2n.

10



The first family has cardinality at most exp(Cn), because the ball has exponential size. The second
family has polynomial cardinality. Hence Lemma 4.1 applies to P,. We obtain V, commuting
automorphisms 71, ...,T,, and an equivariant evaluation map ©, with

IVIA| < exp(Cn),  A=(Ty,...,Ty).

Define
D:MZT SV xA,  ®(Pw)=(O(P),T).

This is a homomorphism because ©(t"P) = T"O(P). We claim that ® is injective on B 4,z4(n).
Suppose
O(P,v) = d(P',0)

for two elements in the n-ball. Then TV~% = 1. If v # ¢/, then 0 # u = v — v’ has |lul|; < 2n, and
O(ao(t" —1)) = T"0(ao) — 0(ao) = 0,
contradicting the construction of P,,. Therefore v = v’. Then
(P -P)=0,

and the first family in P, forces P = P’. Thus ® locally embeds the n-ball into a finite group of
order at most exp(Cn), proving the upper bound. O

5 Finite lamps over free abelian bases

We now prove Theorem C.

Theorem 5.1. Let A be a finite non-trivial group. Then, for every d > 1,

r (n) exp(n), A abelian,
n) ~
At exp(n?), A non-abelian.

Proof. If A is abelian, this is Theorem 4.2.
Assume A is non-abelian. The lower bound follows from Proposition 3.1, since

Yza(n) ~ nd.

For the upper bound, choose M ~ n large enough that the quotient map
78 — (Z/M7)?

is injective on the base ball and support region needed to multiply all elements of B ,z4(n). Equiv-
alently, apply Lemma 3.3, with = ida, to the regular action of Z? on (Z/M?Z)%. This gives a local

embedding into
A (Z/MZ)4.

Its order is . .
(Z/MZ)*||AM = MYAMT < exp(Cn).

Thus £y4(n) < exp(nd). O

11



6 Split virtually abelian lamps over free abelian bases

Let
A=AxP,

where A is finitely generated abelian and P is finite. We write A additively. Define
[A,P] = (p(a) —a:a € A, peP), p = ranky[A, P].

We split the proof of Theorem D into the three cases A abelian, p = 0 non-abelian, and p > 0.

6.1 The case p >0

Lemma 6.1. Assume p > 0. Then there exist b€ A and T € P such that
c=17(b)—b

has infinite order in A.

Proof. 1f every element of the form p(a) —a, with a € A and p € P, were torsion, then [A, P] would
be contained in the torsion subgroup of the finitely generated abelian group A, and hence would
have rank 0. Since p > 0, this is impossible. Therefore there exist b € A and 7 € P such that
7(b) — b has infinite order. O

Proposition 6.2. If p > 0, then
Lpyzi(n) = exp(n?logn).
Proof. Choose b€ A, 7 € P, and ¢ =7(b) — b as in Lemma 6.1. Let
¢ : Baga(n) = Q

be a local embedding into a finite group. Choose € > 0 small enough that, for every x € X =
Bya(en), every prefix of the words

(co)’,  mblr'ot (0<(<en)

lies in Bpyza(n), and that all commutator words between the generators b, 7, and by, 7, for distinct
x,y € X, are visible prefix-by-prefix. This is possible by Lemma 2.4, after decreasing e. We have
|X| ~ nd.
For x € X, write
By = ¢(ba), Ty = (), Co = p(Ca).

Since A is written additively and ¢ = 7(b) — b, we have, for every £ > 0,
T(Lb) — £b = Le.

Equivalently, in multiplicative notation inside the lamp group,
oyt = ¢

The prefix visibility chosen above gives, in @,

T,B!T,'B;*=C!  (0<¢<en).

12



Because ¢ has infinite order, the elements

2 EN
1,cx,cx,...,c£ ]

are distinct in the ball. Hence
1,C,,C2, ..., clend

are distinct in Q.
Let
Dz = <Bx7Ta:> < Q

We claim that |D,/Z(D;)| > con for some constant ¢ > 0. If the image of B, in D,/Z(D,) had
order ¢ < en, then Bﬁ € Z(D,). In particular, B¢ would commute with T}, so

1=T,B'T'B,* = Ct,

contradicting the distinctness above. Thus |D,/Z(D,)| > con, after changing constants.
For distinct z,y € X, the corresponding lamp subgroups commute in the wreath product, and
the relevant commutator words are visible. Hence

Dz, Dy] =1
in Q. Enumerate X = {x1,...,zx}, with N ~ n9, and set Pj = Dy, -+ Dy;. As before,

ij |’_]ijl < Z(Dx]);

SO
|Pj| > |Pj-1||Da, /Z(Da))| > [Pja| con.

Therefore
Q> [Pn] > (con)™ > exp(¢'nlogn),

which proves the proposition. ]

Proposition 6.3. If p > 0, then
Laya(n) < exp(n?logn).

Proof. Let T' = tors(A), and let e be the exponent of T if T # 0, and e = 1 otherwise. Choose
integers
m >~ n, M ~n,

with e | m. Put
Ay = A/mA, Ay = Ay X P,

and let n : A — A,, be the quotient homomorphism. Choose m with a sufficiently large implicit
constant so that 7 is injective on all lamp values visible in B,z4¢(n). On the free part of A this
follows from m > n, and on the torsion part from e | m.
Let Z¢ act regularly on
Y = (Z/MZ)°.

Choose M ~ n with a sufficiently large implicit constant so that the pointed Schreier ball of this
action agrees with the Cayley ball of Z? throughout the base region needed to multiply elements
of Bayza(n). Applying Lemma 3.3 with F' = A, gives a local embedding of Bp,zi(n) into

AY s (z/MZ)%.

13



This is a local finite-action model, not a global quotient map of the wreath product; the choice of
M prevents collisions only on the visible support region.
If r = rankg A, then |A,,| < Cm", so |A,| < C'm". Since |Y| = M9, the model has order

| A | M M2

Therefore ]
log (|Am|M Md) < M?O(logm) + O(log M) < Cnlogn.

This proves the upper bound. ]

6.2 The case p=10

The next structural lemma is the point that makes the p = 0 case precise. It avoids any unjustified
claim that one may simply replace a lamp group by a finite-index subgroup inside a wreath product.

Lemma 6.4. Let A = A x P, where A is finitely generated abelian and P is finite. Assume
p =rankgz[A, P] = 0.

Then there exist a finitely generated free abelian group Ag, a finite group E, and an injective
homomorphism
t: A — Ay x E.

If A is non-abelian, then E may be chosen non-abelian.

Proof. Let T' = tors(A). Since p = 0, the action of P on A/T is trivial. Equivalently, for every
p € P and a € A, the element p(a) — a belongs to T. Let e be the exponent of T', with e = 1 if
T =0. Then
p(ea) = ep(a) = ea
for all p € P and a € A. Thus
B=¢cA

is a torsion-free finite-index subgroup of A, and it is centralized by P. Hence B is central in A.
The quotient
E=A/B

is finite.
We next construct a homomorphism from A to a free abelian group that is injective on B.
Since [A, P] < T is finite and P is finite, the commutator subgroup [A, A], generated by [A, P] and

commutators in P, is finite. Let
A = Aab/tOI‘S(Aab),

and let x : A — Ag be the natural homomorphism. If b € B maps to zero in Ag, then the image of
bin A,y is torsion. Thus b* € [A, A] for some k > 1. But [A, A] is finite and B is torsion-free, so
b = 1. Therefore x|p is injective.

Let ¢ : A — E = A/B be the quotient map. Define

i A= Ao x B, ulg) = (x(9),a(9))-
If «(9) = (1,1), then ¢(g) = 1, so g € B, and x(g) = 1. Since x|p is injective, g = 1. Hence ¢ is
injective.
Finally, if A is non-abelian, then [A;A] # 1. Since [A,A] is finite and B is torsion-free,
[A, A] N B = 1. Thus some non-trivial commutator survives in £ = A/B, so E is non-abelian. [J
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Proposition 6.5. Assume p =0 and A is non-abelian. Then
Laya(n) =~ exp(n?).

Proof. The lower bound follows from Proposition 3.1, since vyz4(n) ~ n?.

For the upper bound, use Lemma 6.4 to embed
A Ay x E,
where Ag is finitely generated free abelian and F is finite. This induces an embedding
A Z4 — (Ag x E) 174
Because Ag x E is a direct product, there is an injective homomorphism
(Ag x E)1Z% — (Ag12%) x (E12Z%)

given by projecting the lamp component to Ag and E, and sending the base element diagonally to
the two base components.
Theorem 4.2 gives

£ agza(n) < exp(n).
For the finite lamp FE, the torus model used in Theorem 5.1 gives the upper bound

Lpza(n) 2 exp(n?),
regardless of whether F is abelian. Taking the product of the two local finite models gives
Lagxmyza(n) < exp(n) exp(n?) < exp(n).

Since A Z? embeds in this group, the same upper bound holds for A Z<. O

6.3 The trichotomy

Theorem 6.6. Let A = A x P, where A is finitely generated abelian and P is finite. Assume
A # 1, and put

p = ranky[A, P].
Then, for every d > 1,
exp(n), A abelian,
Lpayza(n) ~ 4 exp(n?), p =0 and A non-abelian,

exp(nilogn), p>0.

Proof. If A is abelian, then A is a non-trivial finitely generated abelian group, so the result is
Theorem 4.2. If p = 0 and A is non-abelian, the result is Proposition 6.5. If p > 0, combine
Propositions 6.2 and 6.3. 0

Corollary 6.7. Let
Do = (15| 8> =1, srs =7r71).

Then, for every d > 1,
Lp_za(n) ~ exp(n®logn).

Proof. We have Dy, = Z x Cs, where C5 acts on Z by multiplication by —1. Hence
[Z,Cs) =27

has rank 1, so p > 0. The result follows from Theorem 6.6. O
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7 Finite non-abelian lamps over the discrete Heisenberg group

Let
H = H3(Z) = (z,y,z | [z,y] = z, [x,2] =[y,2] = 1).

Every element of H has a unique normal form
2%yb2e, a,b,ceZ.

+1

We use the standard generating set {z*!, y*'}; the central generator z has word length comparable

to the square root of its exponent.

Lemma 7.1. The word-growth function of Hs3(Z) satisfies
vy (n) ~n".

Moreover, there are constants C,c > 0 such that
Bu(n) C {z%"2° : al, 6| < Cn, || < Cn?},

and
{22 : [al, | < en, |e] < en?} € Bu(Cn).

Proof. The horizontal coordinates change by at most one under multiplication by z*! or y*!, so
lal,|b] < n in the n-ball. The central coordinate records signed area swept by a word of length n,
hence is O(n?). This gives the first inclusion and the upper growth bound O(n?*).

Conversely, all elements x%° with |a|, |b| < cn have length O(n). Also, commutators satisfy
TSs

[2",y°] = =

Every integer |c| < en? can be written as a sum of O(1) products r;s; with |r;|, |s;| < C+/]¢] < C'n.
Thus 2¢ has length O(n) for |c| < cn?. This proves the second inclusion and the lower growth
bound Q(n*). O

For m > 1, define ,
Ky = {a™%y™2™¢ ca,b,c € Z}.

Lemma 7.2. For every m > 1, K, is a subgroup of H. Moreover,
[H: K,,] =m*,
and the systole of K, in H, namely the least word length of a non-trivial element of K,,, is ~ m.
Proof. In coordinates (a, b, c) corresponding to 2%°z¢, multiplication has the form
(a,b,e)(@ V', )= (a+d b+V,c+ +w((ab),(d,b))),

where w is an integral bilinear form. If a, b, a’, b’ are divisible by m, then w((a,b), (a’,b")) is divisible
by m?. Thus K,, is a subgroup.
Every left coset of K, has a representative z®y?z7, with

0<a,B<m, 0<~<m?
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If two such representatives lie in the same left coset, their quotient lies in K,,. The horizontal
coordinates of this quotient have absolute value strictly smaller than m, hence are zero; then its
central coordinate has absolute value strictly smaller than m?, hence is also zero. Therefore the
representative is unique, and [H : K,,] = m*.

The elements z™, y™, and zm belong to K, and have word length O(m), so the systole is
at most Cm. Conversely, if a non-trivial element of K,, has a non-zero horizontal coordinate,
that coordinate has absolute value at least m, forcing word length at least c¢m. If its horizontal
coordinates vanish, it is a non-zero power P , whose word length is at least ¢\/|m?q| > e¢m. Thus

the systole is ~ m. ]

Let Y, = K,,\H, and let P, be the image of H in its right action on Y,,.

Lemma 7.3. For every m > 1,
V;n| = m?, |P| < CmP.

Proof. The equality |Y;,| = m* is Lemma 7.2. For the permutation image, let

N = (2™ ™ 2™,
This subgroup is normal in H: conjugating 2™ or ym2 changes it only by a power of zmQ, and 2™’
is central. Also N,, < K,,. Hence N,, is contained in the core of K,,, so the permutation image
Py, is a quotient of H/N,,. The quotient H/N,, has order O(m®), because the three normal-form
coordinates are taken modulo m?,m? m?2. Thus |P,| < Cm®. O

Theorem 7.4. Let A be finite non-abelian. Then

L z)(n) = exp(n?).

Proof. The lower bound follows from Proposition 3.1 and Lemma 7.1.

For the upper bound, choose m ~ n. By Lemma 7.2, the systole of K, is ~ m. Therefore,
for a sufficiently small constant ¢ > 0, if g,h € By(em) and K,,g = K;,h, then gh=! € K, and
|gh~!| < 2cm, forcing g = h. Thus the pointed Schreier ball of the action H ~ Y, agrees with the
Cayley ball of H up to radius cm.

Apply Lemma 3.3, with n = ida, to this finite action. Since |Y,,| = m* and |P,,| < Cm5, the
n-ball of Ay H locally embeds into

AYm P,

for m ~ n, and this finite group has order
AN P <A™ CmS < exp(C'n?).

This proves the upper bound. O

8 A congruence lemma for abelian lamps over the Heisenberg
group

The methods above do not determine L¢,,f7,(z) (n). The obstruction is that, for abelian lamps, one
must compress sparse elements of the group algebra F,[H3(Z)], and the base is non-abelian.

We record a useful congruence lemma. It separates one sparse group-algebra element in a
congruence quotient of modulus O(n), but it does not supply a single small finite module separating
all visible elements simultaneously.
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Lemma 8.1. Let 0 # P(z) € Fyz,271], and suppose that diam(supp P) < Bn?. For every A > 0,
there is a constant C = C(A, B,p) and an integer m such that

2An < m < Chn, (m,p) =1,

and
P(z)#0 (mod 2™ —1).

Proof. Multiplying by a monomial, we may assume P € F,[z] and deg P < Bn?. For M > 1, set
App(z) =lem{z"™ —1:1<m <M, (m,p) =1}

Since (m,p) = 1, the polynomial 2" — 1 is separable over F,,. Therefore

deg Ap v = Z o(r) > cpM2
1<r<M
(r,p)=1

for some constant ¢, > 0, using the classical estimate >, ¢(r) < M2

Apply this estimate to the interval (24n,Cn]. For C sufficiently large, the least common
multiple of the polynomials z™ — 1 with 2An < m < Cn and (m,p) = 1 has degree greater than
Bn?. If P were congruent to zero modulo 2™ — 1 for every such m, this least common multiple
would divide P, contradicting deg P < Bn?. Hence at least one such m detects P. O

Lemma 8.2. Let 0 # r € F,[H3(Z)] be supported on elements z%YP2¢ satisfying
lal, |b] < An, lc| < Bn?.
Then there exists m < Cn, with (m,p) = 1, such that the image of r in
Fp[H3(Z/mZ)]

is non-zero. Here H3(Z/mZ) denotes the quotient with generators xz,vy,z, relations [x,y] = z, z
central, and ™ = y™ = 2" = 1.

Proof. Write
r = Z x“ybPaJ,(z), P, y(2) € Fplz, z_l].
(a,b)
Choose (ag,bo) such that Py 5, # 0. Apply Lemma 8.1 to Py p,. We obtain m < Cn, with
m > 2An and (m,p) = 1, such that

Poopo(2) Z0 (mod 2™ —1).

Because m > 2An, no two distinct pairs (a,b) with |al, [b] < An become equal modulo m. Hence
the (ag, bp)-fiber cannot cancel with any other horizontal fiber after passing to Hs(Z/mZ). Since
the central polynomial in that fiber is non-zero modulo 2™ — 1, the image of r in F,[H3(Z/mZ)] is
non-zero. O

Remark 8.3. Lemma 8.2 does not imply an upper bound of the form exp(Cn?), or any exact
estimate, for Ecsz3(Z)(n). It separates a single sparse group-algebra element by a congruence
quotient. A LEF model must separate all non-zero lamp differences visible in the word ball using
one finite group whose order is controlled.
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9 Open problems

The preceding results leave several natural cases open.

Problem 9.1. Determine
L"Cleg(Z) (n).

The word-growth lower bound gives EcszB(Z)(n) = exp(n), while the finite-action model gives
Loy zy(n) = exp(n?). The true asymptotic appears to depend on efficient finite modules for
sparse elements of Fp[H3(Z)).

Problem 9.2. Ezxtend Theorem 6.6 from split virtually abelian groups A x P to arbitrary finitely
generated virtually abelian groups.

Problem 9.3. Let I' be a finitely generated nilpotent group which is not virtually abelian, and let
A be finite abelian. Determine Layr(n) in terms of the geometry and representation theory of T'.

Declaration of generative Al and Al-assisted technologies in the
writing process

During the preparation of this work, ChatGPT, by OpenAl, was used to assist with mathematical
drafting, formalization, review, and editing. This work is shared as a preliminary Al-assisted
mathematical note. The mathematical content may have been only partially reviewed and may
contain errors; it should not be treated as peer-reviewed or as a fully verified manuscript.
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