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Abstract. Let b ≥ 2 be an integer alphabet size. We study the ex-
tremal and metric behaviour of the online previous-copy parsing com-
plexity oc(W ) of a finite word W ∈ {0, . . . , b − 1}N . In this model a
phrase is either a literal symbol or an exact copy whose source starts
earlier in the word; self-overlap is allowed.

We prove the sharp universal upper bound

oc(W ) ≤ (1 + o(1))
N

logb N

uniformly for all words W of length N , and show that this is best pos-
sible:

max
|W |=N

oc(W ) = (1 + o(1))
N

logb N
.

For Lebesgue-almost every α ∈ [0, 1], if wN (α) denotes the prefix of
length N of the base-b expansion of α, then

oc(wN (α)) = (1 + o(1))
N

logb N
.

We also determine the finite-word entropy of low online previous-copy
complexity. For 0 ≤ κ ≤ 1, let

CN (κ) =

{
W ∈ {0, . . . , b− 1}N : oc(W ) ≤ κ

N

logb N

}
.

Then, for 0 < κ ≤ 1,

lim
N→∞

1

N
logb |CN (κ)| = κ.

Consequently, the Hausdorff spectrum is exact:

dimH

{
α ∈ [0, 1] : lim inf

N→∞

oc(wN (α)) logb N

N
≤ κ

}
= κ (0 ≤ κ ≤ 1).

Finally, we record parallel extremal and almost-sure estimates for the
normalized substring complexity

δ(W ) = max
1≤k≤|W |

pW (k)

k

and for the minimum string attractor size γ(W ):

δ(wN (α)) = γ(wN (α)) = (1 + o(1))
N

logb N

for almost every α, and the same asymptotic scale holds in the worst
case.
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1. Introduction

The online previous-copy parsing model is a structural abstraction of left-
to-right dictionary compression. A finite word is parsed from left to right
into phrases. A phrase is either a literal symbol or a copy of an earlier
substring. The source is required to start earlier than the target, but it may
overlap the target. This convention includes the self-referential behaviour
familiar from variants of LZ77.

A companion paper studied this model on digit prefixes of algebraic irra-
tional numbers and proved the lower bound

oc(wN (α)) = ω(logN)

for every algebraic irrational α. The present note is independent of the
Diophantine part. Its purpose is to determine the natural extremal and
metric scale of oc(W ) for arbitrary and typical finite words.

The main scale is
N

logbN
.

This scale appears in three complementary ways.
First, every word of length N has an online previous-copy parsing with

at most
(1 + o(1))

N

logbN

phrases. Second, by a counting argument, this is sharp in the worst case.
Third, the same asymptotic holds for almost every base-b expansion.

The proof of the universal upper bound is elementary. Choose a block
length

L = blogbN − 2 logb logbNc.
Parsing greedily, any phrase shorter than L, except possibly near the end
of the word, must start at a previously unseen block of length L. There are
at most bL such blocks, while all other phrases have length at least L. This
gives

oc(W ) ≤ N

L
+ bL + L+O(1).

The lower bounds come from counting parse descriptions. The number of
words of length N admitting an online previous-copy parse with z phrases
is at most

z

(
eN

z

)z

(2bN)z.

For
z ∼ κ

N

logbN
,

this is b(κ+o(1))N . This gives both the worst-case lower bound and the en-
tropy/Hausdorff spectrum.
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The last part treats two standard repetitiveness measures: the normalized
substring complexity

δ(W ) = max
k

pW (k)/k

and the minimum string attractor size γ(W ). The inequalities
δ(W ) ≤ γ(W ) ≤ oc(W )

connect these measures to the online previous-copy model. A standard col-
lision estimate for random words gives the matching lower bound for δ, and
hence for γ, almost surely.

Throughout the paper, logarithms without subscript are natural, while
logb denotes logarithm in base b.

2. Online previous-copy parsings

Let
W = W [1]W [2] · · ·W [N ]

be a finite word over the alphabet
{0, . . . , b− 1}.

Definition 2.1. An online previous-copy parsing of W is a factorization
W = F1F2 · · ·Fz

with boundaries
0 = n0 < n1 < · · · < nz = N,

where
Fj = W [nj−1 + 1, nj ].

Each phrase is of one of the following two types.
First, Fj may be a literal, in which case

|Fj | = 1.

Second, Fj may be a copy. Writing
s = nj−1, t = nj , ℓ = t− s,

this means that there exists a source position p with
1 ≤ p ≤ s

such that
W [p+ h] = W [s+ 1 + h] (0 ≤ h < ℓ).

The source may overlap the target.

Let
oc(W )

be the minimum number of phrases in an online previous-copy parsing of
W .
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Remark 2.2. The first phrase must be a literal. The definition is structural:
source positions and lengths are not charged as bits. The quantity oc(W ) is
therefore a phrase-complexity measure, not a bit-complexity measure.

3. A universal upper bound

We first prove that every word has an online previous-copy parsing with
about N/ logbN phrases.

Theorem 3.1 (Universal upper bound). Uniformly for all words W ∈
{0, . . . , b− 1}N ,

oc(W ) ≤ (1 + o(1))
N

logbN
.

More precisely, for every integer L ≥ 1,

oc(W ) ≤ N

L
+ bL + L+O(1),

and with
L = blogbN − 2 logb logbNc

this gives the displayed asymptotic.

Proof. Fix L. We construct a parsing by the following greedy rule. Suppose
the current position is i. If i+ L− 1 ≤ N and the block

W [i, i+ L− 1]

has an occurrence starting at some position p < i, we make a copied phrase
of length L, with source p. Otherwise we make a literal phrase of length 1.
Once fewer than L symbols remain, we parse the rest as literals.

Call a phrase short if it is a literal produced before the final L positions.
If a short phrase starts at position i ≤ N − L+ 1, then the block

W [i, i+ L− 1]

has no earlier occurrence. Hence two different short phrase starts i < j ≤
N − L+ 1 give two different length-L blocks. Otherwise, if

W [i, i+ L− 1] = W [j, j + L− 1],

then at position j the parser could have copied at least L symbols from
source i, contradicting that the phrase at j was short.

There are at most bL distinct blocks of length L. Hence the number of
short phrases before the final L positions is at most bL. The final part
contributes at most L literal phrases.

All copied phrases produced by the algorithm have length L, so there are
at most N/L such phrases. Therefore

oc(W ) ≤ N

L
+ bL + L+O(1).

Now take
L = blogbN − 2 logb logbNc .
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Then
bL ≤ N

(logbN)2
,

and
N

L
= (1 + o(1))

N

logbN
.

Also
bL + L = o

(
N

logbN

)
.

Thus
oc(W ) ≤ (1 + o(1))

N

logbN
.

□

4. Counting words with short parsings

Let
WN,z =

{
W ∈ {0, . . . , b− 1}N : oc(W ) ≤ z

}
.

Lemma 4.1 (Counting parse descriptions). For 1 ≤ z ≤ N/2,

|WN,z| ≤ z

(
eN

z

)z

(2bN)z.

Consequently, if

zN =

⌊
κ

N

logbN

⌋
with fixed 0 < κ ≤ 1, then

|WN,zN | ≤ b(κ+o(1))N .

Proof. Fix m ≤ z. We count a superset of words admitting a parsing with
m phrases.

The boundaries are determined by the m − 1 internal cut positions, so
there are (

N − 1

m− 1

)
choices.

For each phrase, choose whether it is a literal or a copy, giving at most
2m choices. Assign to every phrase a symbol in the alphabet, even if the
phrase is a copy; this gives at most bm choices. Assign also to every phrase
a source position in {1, . . . , N}, even if the phrase is a literal; this gives at
most Nm choices.

Thus the number of descriptions with m phrases is at most(
N − 1

m− 1

)
(2bN)m.

Every such description determines at most one word. Indeed, literals pre-
scribe their symbols, and copied phrases are deterministic once the already
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parsed prefix is known. If a source overlaps the target, the copied symbols
are still determined progressively because the source starts earlier than the
target.

Therefore
|WN,z| ≤

∑
m≤z

(
N − 1

m− 1

)
(2bN)m.

For m ≤ z ≤ N/2, (
N − 1

m− 1

)
≤

(
eN

m

)m

.

The function
m 7→

(
eN

m

)m

(2bN)m

is increasing for 1 ≤ m ≤ N/2. Hence

|WN,z| ≤ z

(
eN

z

)z

(2bN)z.

Now take
zN =

⌊
κ

N

logbN

⌋
.

Taking logarithms in base b,

logb |WN,zN | ≤ logb zN + zN logb
eN

zN
+ zN logb(2bN).

The last term is
zN logbN +O(zN ) = (κ+ o(1))N.

The middle term is

zN logb
eN

zN
= O

(
N

logN
log logN

)
= o(N).

Also logb zN = o(N). Therefore
logb |WN,zN | ≤ (κ+ o(1))N,

as claimed. □

5. Worst-case complexity

Theorem 5.1 (Worst-case asymptotics).

max
W∈{0,...,b−1}N

oc(W ) = (1 + o(1))
N

logbN
.

Proof. The upper bound follows from the universal upper bound.
For the lower bound, fix 0 < κ < 1, and set

zN =

⌊
κ

N

logbN

⌋
.
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By the counting lemma,
|WN,zN | ≤ b(κ+o(1))N .

Since the total number of words of length N is bN , for all large N there
exists a word W with

oc(W ) > zN .

Thus
max
|W |=N

oc(W ) ≥ κ
N

logbN
(1− o(1)).

Letting κ ↑ 1 gives the lower bound. □

6. Metric law for online previous-copy complexity

For α ∈ [0, 1], let
wN (α)

be the prefix of length N of the base-b expansion of α. We ignore the
countable set of numbers with two base-b expansions.
Theorem 6.1 (Almost-sure asymptotic). For Lebesgue-almost every α ∈
[0, 1],

oc(wN (α)) = (1 + o(1))
N

logbN
.

Equivalently,
lim

N→∞

oc(wN (α)) logbN

N
= 1

for almost every α.
Proof. The upper bound holds for every word by the universal upper bound.

For the lower bound, fix 0 < κ < 1, and set

zN =

⌊
κ

N

logbN

⌋
.

The set of α such that
oc(wN (α)) ≤ zN

is a union of base-b cylinders of length N , one for each word in WN,zN . Each
cylinder has Lebesgue measure b−N . Hence its measure is at most

b−N |WN,zN | ≤ b−(1−κ+o(1))N .

This is summable in N . By the Borel–Cantelli lemma, for almost every α,
the event

oc(wN (α)) ≤ κ
N

logbN
occurs for only finitely many N . Therefore

lim inf
N→∞

oc(wN (α)) logbN

N
≥ κ

for every 0 < κ < 1, and hence the liminf is at least 1. The limsup is at
most 1 by the universal upper bound. □



8 LUCA BLANCHI

7. Finite entropy of low-complexity words

For 0 < κ ≤ 1, define

CN (κ) =

{
W ∈ {0, . . . , b− 1}N : oc(W ) ≤ κ

N

logbN

}
.

Theorem 7.1 (Entropy spectrum). For 0 < κ ≤ 1,

lim
N→∞

1

N
logb |CN (κ)| = κ.

For κ ≥ 1, the limit is 1.

Proof. The upper bound for 0 < κ ≤ 1 follows directly from the counting
lemma:

|CN (κ)| ≤ b(κ+o(1))N .

For the lower bound, fix 0 < η < κ, and put
M = b(κ− η)Nc.

For every word
U ∈ {0, . . . , b− 1}M ,

construct a word W (U) of length N as follows. First write U . Then continue
periodically with period U until the word has total length N .

Different U ’s give different W (U)’s, because the first M symbols of W (U)
are U . Hence this construction gives bM distinct words.

By the universal upper bound applied to U ,

oc(U) ≤ (1 + o(1))
M

logbM

uniformly in U . After U has been parsed, the periodic continuation is ob-
tained with one copied phrase, using source position 1 and allowing self-
overlap. Thus

oc(W (U)) ≤ (1 + o(1))
M

logbM
+ 1.

Since
M = (κ− η + o(1))N and logbM ∼ logbN,

we get
oc(W (U)) ≤ (κ− η + o(1))

N

logbN
≤ κ

N

logbN

for all sufficiently large N . Hence
|CN (κ)| ≥ bM = b(κ−η+o(1))N .

Letting η → 0 gives
lim inf
N→∞

1

N
logb |CN (κ)| ≥ κ.

For κ ≥ 1, the universal upper bound implies that all words are eventually
counted up to o(1) in the threshold, and the entropy limit is 1. □
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8. Hausdorff spectrum

For 0 ≤ κ ≤ 1, define

Fκ =

{
α ∈ [0, 1] : lim inf

N→∞

oc(wN (α)) logbN

N
≤ κ

}
.

Theorem 8.1 (Hausdorff spectrum). For 0 ≤ κ ≤ 1,

dimH Fκ = κ.

For κ ≥ 1, Fκ has full Lebesgue measure and hence Hausdorff dimension 1.

Proof. We first prove the upper bound. Fix η > 0. If α ∈ Fκ, then for
infinitely many N ,

oc(wN (α)) ≤ (κ+ η)
N

logbN
.

Thus Fκ is contained in the limsup of the union of cylinders of length N
corresponding to words in

CN (κ+ η).

By the entropy upper bound,

|CN (κ+ η)| ≤ b(κ+η+o(1))N .

Each cylinder has diameter comparable to b−N . If s > κ+ η, then∑
N

|CN (κ+ η)|b−sN < ∞.

Hence the s-dimensional Hausdorff measure of Fκ is zero. Therefore

dimH Fκ ≤ κ+ η.

Letting η → 0 gives
dimH Fκ ≤ κ.

For the lower bound, assume 0 < κ ≤ 1. We construct a Cantor set
contained in Fκ. Choose a sequence of integers Mj → ∞ growing so rapidly
that the total length constructed before stage j is o(Mj/ logMj).

Suppose that before stage j a prefix of length Rj−1 has been constructed.
Choose freely a word

Uj ∈ {0, . . . , b− 1}Mj .

After writing Uj , continue periodically with period Uj until the total length
reaches

Nj = Rj−1 +

⌊
Mj

κ

⌋
.

Since Rj−1 = o(Mj),

Nj ∼
Mj

κ
.
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At time Nj , the already existing prefix before Uj contributes o(Mj/ logMj)
phrases. The block Uj can be parsed using the universal upper bound:

oc(Uj) ≤ (1 + o(1))
Mj

logbMj
.

The periodic continuation after Uj is copied with one phrase, since self-
overlap is allowed. Thus

oc(wNj ) ≤ (1 + o(1))
Mj

logbMj
.

Because
Nj ∼

Mj

κ
and logbNj ∼ logbMj ,

we obtain
oc(wNj ) logbNj

Nj
≤ κ+ o(1).

Hence every point in the constructed Cantor set lies in Fκ.
It remains to estimate its dimension. At stage j, the number of indepen-

dent choices is bMj . Since the sequence Mj grows very fast, the contribution
of all previous stages is negligible compared with Mj . The cylinders at stage
j have length b−Nj . A standard mass distribution argument gives

dimH ≥ lim inf
j→∞

∑
i≤j Mi

Nj
= lim inf

j→∞

Mj + o(Mj)

Mj/κ
= κ.

Thus
dimH Fκ ≥ κ.

The case κ = 0 follows from the upper bound and the fact that F0 is
nonempty, for example it contains eventually periodic expansions. There-
fore dimH F0 = 0. □

9. Normalized substring complexity and string attractors

For a finite word W , let pW (k) be the number of distinct factors of W of
length k. Define

δ(W ) = max
1≤k≤|W |

pW (k)

k
.

Let γ(W ) denote the size of the smallest string attractor of W . Recall
that a set of positions

Γ ⊆ {1, . . . , |W |}
is a string attractor if every distinct factor of W has an occurrence crossing
at least one position of Γ.

Lemma 9.1. For every finite word W ,
δ(W ) ≤ γ(W ) ≤ oc(W ).
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Proof. First let Γ be a string attractor for W . Fix k. Every distinct length-k
factor has an occurrence crossing some position of Γ. A fixed position can
be crossed by at most k length-k factors. Therefore

pW (k) ≤ |Γ|k.
Taking the minimum over Γ and then the maximum over k gives

δ(W ) ≤ γ(W ).

Now take an online previous-copy parsing of W with phrase starts
n0 + 1, n1 + 1, . . . , nz−1 + 1.

Let Γ be this set of phrase starts. We claim that Γ is a string attractor.
Let U be any factor of W , and choose its leftmost occurrence. If this

occurrence does not cross a phrase start, it lies strictly inside a single phrase.
If that phrase is a literal, this is impossible unless |U | = 1, in which case
the occurrence crosses the phrase start. If the phrase is copied, the source
of the copy gives an earlier occurrence of U , contradicting the choice of the
leftmost occurrence. Hence every factor has an occurrence crossing a phrase
start, and Γ is an attractor. Thus

γ(W ) ≤ z.

Taking the minimum over parsings gives
γ(W ) ≤ oc(W ).

□

9.1. Universal and worst-case bounds.

Lemma 9.2 (Universal upper bound for δ). Uniformly for all words W of
length N ,

δ(W ) ≤ (1 + o(1))
N

logbN
.

Proof. For every k,
pW (k) ≤ min{bk, N − k + 1} ≤ min{bk, N}.

Thus
pW (k)

k
≤ min{bk, N}

k
.

If k ≤ logbN , then the maximum of bk/k in this range occurs at k =
blogbNc+O(1), and is

(1 + o(1))
N

logbN
.

If k ≥ logbN , then
N

k
≤ N

logbN
.

Taking the maximum over k proves the claim. □
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Theorem 9.3 (Worst-case for δ and γ).

max
|W |=N

δ(W ) = (1 + o(1))
N

logbN
,

and
max
|W |=N

γ(W ) = (1 + o(1))
N

logbN
.

Proof. The upper bound for δ is the universal bound just proved. The upper
bound for γ follows from

γ(W ) ≤ oc(W )

and the universal upper bound for oc.
For the lower bounds, it is enough to show that there exist words W with

δ(W ) ≥ (1− o(1))
N

logbN
.

This follows, for example, from the almost-sure lower bound for δ proved in
the next subsection. Since

δ(W ) ≤ γ(W ),

the same examples give the lower bound for γ. □

9.2. Almost-sure behaviour.

Theorem 9.4 (Almost-sure behaviour of δ and γ). For Lebesgue-almost
every α ∈ [0, 1],

δ(wN (α)) = (1 + o(1))
N

logbN
,

and
γ(wN (α)) = (1 + o(1))

N

logbN
.

Proof. The upper bound for δ is universal. The upper bound for γ follows
from

γ(W ) ≤ oc(W )

and the almost-sure asymptotic for oc.
It remains to prove the almost-sure lower bound for δ. Fix ε > 0, and set

kN = d(1 + ε) logbNe .
For a random word WN of length N , let CN be the number of pairs 1 ≤ i <
j ≤ N − kN + 1 such that

WN [i, i+ kN − 1] = WN [j, j + kN − 1].

For any pair i < j, the probability of equality is at most b−kN , even when
the two blocks overlap. Indeed, if j − i = h < kN , the equality forces a
word of length kN +h to have period h, and the probability is at most b−kN .
Therefore

ECN � N2b−kN � N1−ε.
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Choose a subsequence
Nm = bmqc

with qε > 2. By Markov’s inequality,

P(CNm > ηNm) ≤ ECNm

ηNm
� N−ε

m � m−qε.

The last series is summable. By Borel–Cantelli,
CNm = o(Nm)

almost surely.
The number of distinct length-kNm factors in the prefix of length Nm is

at least
Nm − kNm + 1− CNm = (1− o(1))Nm,

because the number of repeated occurrences is bounded by the number of
colliding pairs.

Now let Nm ≤ N < Nm+1. Since
Nm+1

Nm
→ 1,

we have Nm ∼ N and logNm ∼ logN . The prefix wN (α) contains the prefix
wNm(α), so

pwN (α)(kNm) ≥ (1− o(1))Nm = (1− o(1))N.

Also
kNm = (1 + ε+ o(1)) logbN.

Thus

δ(wN (α)) ≥
pwN (α)(kNm)

kNm

≥ (1− o(1))
N

(1 + ε) logbN
.

Since ε > 0 is arbitrary, taken over a countable sequence tending to 0, we
obtain

δ(wN (α)) ≥ (1− o(1))
N

logbN

almost surely. This proves the theorem. The lower bound for γ follows from
δ(W ) ≤ γ(W ).

□

10. Summary of asymptotic scales

The results above show that the online previous-copy complexity and the
standard repetitiveness measures δ and γ share the same natural scale in
the worst case and almost surely:

N

logbN
.
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More precisely,

max
|W |=N

oc(W ) = (1 + o(1))
N

logbN
,

max
|W |=N

δ(W ) = (1 + o(1))
N

logbN
,

and
max
|W |=N

γ(W ) = (1 + o(1))
N

logbN
.

For Lebesgue-almost every α ∈ [0, 1],

oc(wN (α)) = δ(wN (α)) = γ(wN (α)) = (1 + o(1))
N

logbN
.

The entropy spectrum and Hausdorff spectrum for oc are also determined:

lim
N→∞

1

N
logb#

{
W ∈ {0, . . . , b− 1}N : oc(W ) ≤ κ

N

logbN

}
= κ

for 0 < κ ≤ 1, and

dimH

{
α : lim inf

N→∞

oc(wN (α)) logbN

N
≤ κ

}
= κ

for 0 ≤ κ ≤ 1.
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