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Abstract

This addendum collects secondary Presentation-Langlands modules whose common
feature is finite access in large or noisy environments. The analytic module gives robust
trace-Hecke records for finite windows of Maass forms: if the observed values separate the
window with margin greater than twice the certified numerical error, then the identifica-
tion is rigorous. The categorical module treats finite windows in geometric or local Lang-
lands categories through generator, Hecke-functor, singular-support, constant-term, and
spectral-action observables. The coding module regards bounded automorphic families as
error-correcting codes built from local coefficients. The database module packages mathe-
matical links as proof-carrying records with budgets, normalizations, residual ledgers, and
formalization depth.

The results here are deliberately finite. They do not assert global classification theo-
rems in analytic, categorical, or motivic Langlands. They provide reusable audit templates:
how to state what a finite computation or finite categorical window sees, how to prove
uniqueness inside that window, and how to record unresolved fibres when uniqueness is
not justified.

1 Purpose of the addendum
The first Presentation-Langlands papers focus on finite Hecke records, class-group tomog-
raphy, and transfer audits. This addendum records additional modules that use the same
architecture:

observable data + budget + verification data + residual fibre.

The modules are not all at the same level of maturity. Robust trace-Hecke records and au-
tomorphic code bounds are finite and elementary once the data are supplied. Categorical
and spectral-action modules are better understood as finite-window formalisms and conjec-
tural cost questions. Database links are infrastructural: they specify what should be recorded
when a database asserts a mathematical relation.

2 Robust trace-Hecke records for Maass forms
Let S be a finite spectral window of Hecke-Maass forms. Assume that rigorous computation
supplies intervals or certified error bounds for a finite list of observables

qi(π) = hi(λ∆(π))λπ(Ti), 1 ≤ i ≤ m.

Here hi is a spectral test function, λ∆(π) is a Laplace eigenvalue, and Ti is a Hecke operator.
The values may be real or complex. In the complex case, the certified sets may be discs,

rectangles, or any explicitly declared norm-balls in the coefficient field.
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For π ∈ S, define the separation margin

margin(π) = min
π′ 6=π

max
i

|qi(π) − qi(π′)|.

Theorem 2.1 (Robust trace-Hecke identification). Suppose each observed value qi(π) is
known with error at most ε, and

margin(π) > 2ε.

Then the observed vector identifies π uniquely inside the finite window S.

Proof. Let Di be the observed data for π. If π′ 6= π, then for some i,

|qi(π) − qi(π′)| > 2ε.

The interval of radius ε around qi(π) is disjoint from the interval of radius ε around qi(π′).
Hence π′ cannot produce the same certified observation vector.

Proposition 2.2 (Non-uniform error bounds). Suppose each value qi(ρ), for ρ ∈ S, is known
inside a certified error radius εi(ρ) in the declared norm. If for every π′ 6= π there exists i
such that

|qi(π) − qi(π′)| > εi(π) + εi(π′),

then the certified observation vector identifies π uniquely inside S.

Proof. For the separating index i, the two certified balls are disjoint by the displayed inequality.
Hence π′ cannot be compatible with the same certified data as π. This holds for every
π′ 6= π.

This gives a compact record:

TraceRec(π) = (q1, . . . , qm, (εi), margin, Led).

The ledger is trivial when the margin condition, or its non-uniform variant, holds. If the
condition fails, the ledger consists of the forms whose certified intervals or balls still overlap.

The relevance to current computation is direct: rigorous algorithms for Maass cusp forms
use trace formulae and Hecke operators to isolate spectral data in finite windows [1].

3 Categorical access in finite windows
Let C be a compactly generated stable category, and let

W = {F1, . . . , Fr}

be a finite window of objects. Categorical observables may include

RHom(G, F), Hλ(F), SS(F), CTP (F),

where G ranges over compact generators, Hλ over Hecke functors, SS is singular support, and
CTP is a constant-term functor.

Proposition 3.1 (Finite categorical fingerprint). If a family of categorical observables sep-
arates the finite window W, then a finite subfamily separates W. Choosing a minimum-cost
finite subfamily is weighted set cover on pairs of objects in W.

Proof. For every pair Fa 6= Fb, choose an observable that distinguishes them. Finiteness of
W gives a finite list. The weighted optimization formulation records, for each observable, the
pairs it separates.
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The proposition is formal, but it asks a meaningful geometric question: for natural Lang-
lands windows, which small families of generators, Hecke functors, supports, or constant terms
actually separate the objects?

Conjecture 3.2 (Small categorical access radius). For a declared family of finite windows
Wr, let Rcat(Wr) be the minimum cost of a categorical fingerprint separating Wr. In natural
windows arising from geometric Langlands or local Langlands categories, one may have

Rcat(Wr) = o(|Wr|)

or another explicit sublinear bound for natural cost functions.

4 Spectral-action fingerprints
In the Fargues-Scholze geometrization of local Langlands, perfect complexes on the stack of
L-parameters act spectrally on sheaves on BunG [2]. For a perfect complex A, write the
spectral-action observable as

F 7−→ A ⋆ F .

For a finite set S of such complexes, define

SpecActS(F) = (A ⋆ F)A∈S .

The residual spectral-action ledger is

SpecLedS(F) = {G ∈ W : A ⋆ G ' A ⋆ F for all A ∈ S}.

Proposition 4.1 (Finite spectral-action separation). Let W be a finite window. If the full
available spectral action separates W, then finitely many perfect complexes separate W.

Proof. Apply the finite categorical fingerprint proposition to the family of spectral-action
observables A ⋆ (−).

The research content is not the finite extraction itself. It is the search for natural low-cost
spectral-action fingerprints and the study of the residual fibres they leave.

5 Automorphic error-correcting codes
Let F be a bounded finite family of automorphic objects, and let B be a norm bound for
primes or prime ideals. Define the code

CB(F) = {(ap(π))Np≤B : π ∈ F}.

For π, π′ ∈ F , define the Hamming distance

dB(π, π′) = |{p : Np ≤ B, ap(π) 6= ap(π′)}|.

Let
dB(F) = min

π 6=π′
dB(π, π′).

Theorem 5.1 (Error and erasure correction). If

dB(F) ≥ 2e + s + 1,

then any local-data packet with at most e erroneous entries and s erased entries has at most
one decoding in F .
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Proof. This is the usual Hamming bound. If two different objects were both compatible with
the received packet, their codewords would differ in at most 2e + s positions: at most e
corrections from the first to the received data, at most e from the received data to the second,
and at most s erased positions. This contradicts dB(F) ≥ 2e + s + 1.

The residual decoding ledger is

DecodeLed(D) = {π ∈ F : dist(D, OB(π)) ≤ e and compatible with the erasures}.

Thus incomplete or noisy automorphic data have a precise finite ambiguity set.

6 Murmurations as family observables
Murmurations are statistical observables of families rather than identifiers of individual objects.
A schematic family observable is

Omur,B(F) =
(

1
|F|

∑
π∈F

w(π)ap(π)
)

p≤B

.

It induces a family fibre

Fmur,B(F) = {G : Omur,B(G) = Omur,B(F)}.

The useful question is where murmurations sit between coarse statistics and individual
fingerprints:

low moments ≺ murmuration observables ≺ individual Hecke fingerprints.

Recent work on murmurations of Hecke L-functions supplies examples where these statistical
patterns have refined structure [4].

This module does not classify murmurations. It only packages them as family observables
with a declared range, budget, and residual family fibre.

7 Proof-carrying database links
Arithmetic databases such as LMFDB organize objects and relationships: same L-function,
twist, base change, Galois representation, packet membership, motivic match, or functional-
equation data [3]. A Presentation-Langlands database link should record its epistemic status.

Definition 7.1 (Proof-carrying database link). A proof-carrying link between database objects
X and Y is a tuple

LinkRec(X, Y ) = (Claim, Obs, Budget, Evidence, Led, N, Dform).

Here Obs are the observables used, Budget records their range and cost, Evidence records the
verification data or theorem source, Led records remaining ambiguity, N records normalizations,
and Dform records the formalization depth.

Possible states include:

empirical, bounded verified, theorem-backed, formalized.

Proposition 7.2 (Finite link verification). In finite declared windows, any database link
supported by separating observables and explicit verification data can be stored as a proof-
carrying link. If the observables do not separate the relevant windows, the link must carry the
residual ledger.
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Proof. The link is a finite identification or relation claim between finite windows. Separating
observables and verification data justify the relation in that window. If separation fails, the
fibre of indistinguishable alternatives is precisely the residual ledger that must be recorded.

This module is infrastructural, but it is not cosmetic. It changes a database link from an
assertion into an auditable object with declared data, range, normalization, proof source, and
remaining ambiguity.

8 Summary
The modules in this addendum share a finite access principle. A large analytic spectrum,
a large category, a noisy automorphic family, or a mathematical database becomes usable
through finite windows and explicit ledgers. The main danger is to mistake a finite formal
extraction for deep arithmetic content. The value of the framework is that it separates these
layers:

formal finite access
+ domain-specific separation theorem
+ cost and naturality question.
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