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ABSTRACT. We introduce a presentational invariant of exceptional col-
lections, the dependency depth, measuring the height of the directed
graph of nonzero Ext-dependencies rather than the number of excep-
tional objects. We use a strict product variant of diagonal dimension,
called strict product diagonal depth, to make the projective-bundle step
explicit at the level of diagonal kernels. Applying this to the full strong
exceptional collections of Castravet—Tevelev on the symmetric Hassett
spaces M, with p odd, and then to their odd-heavy towers M, 4, we
obtain
Rdim D¢on(Mp) =p =3, Rdim Dioy(Mp,e) =p -+~ 3

for all odd p. The even-heavy case and the moduli spaces Mg, re-
quire additional control of the torsion blocks in the Castravet—Tevelev
collections and are left as the next step.

DECLARATION OF GENERATIVE Al AND AI-ASSISTED TECHNOLOGIES IN
THE WRITING PROCESS

During the preparation of this work, ChatGPT, by OpenAl, was used to
assist with mathematical drafting, formalization, review, and editing. This
work is shared as a preliminary Al-assisted mathematical note. The math-
ematical content may have been only partially reviewed and may contain
errors; it should not be treated as peer-reviewed or as a fully verified man-
uscript.

1. INTRODUCTION

Rouquier dimension measures the minimum number of cone layers needed
to generate a triangulated category from one object. It is therefore a cat-
egorical analogue of parallel time rather than of total presentation length.
A full exceptional collection may be very long, but its useful generation
depth can be much smaller if many objects are mutually orthogonal or if
the collection decomposes into shallow dependency layers.

The purpose of this note is to isolate a simple invariant of exceptional
presentations, the dependency depth, and to apply it to the exceptional col-
lections of Castravet—Tevelev on odd Hassett spaces. The guiding principle
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is

presentation volume is not presentation depth.
The number of objects in an exceptional collection measures work. The
height of the Ext-dependency graph measures the sequential depth forced

by the presentation.
The main geometric application is the following.

Theorem 1.1. Let p > 3 be odd and let ¢ > 0. Let M, , be the Hassett
space with p heavy markings and q light markings in the sense of Castravet—
Tevelev. Then

Rdim DY, (M, 4) =p+q — 3.

coh

For ¢ = 0, this is extracted directly from the full strong exceptional
collection of Castravet-Tevelev on M,. For ¢ > 0, we use their description
of M,, — M, as an iterated g-fold universal P'-bundle, together with a
strict product diagonal estimate for P'-bundles.

The lower bound is Rouquier’s geometric lower bound

Rdim D?,, (X) > dim X

coh

for reduced separated schemes of finite type over a field. The contribution
here is the optimal upper bound, extracted from the presentation.

The method is deliberately modest. We do not treat the even-heavy Has-
sett spaces, where the Castravet—Tevelev collections include torsion sheaves
supported on collision loci, and we do not prove the corresponding state-
ment for M, by this route. Those require a further analysis of the torsion
blocks and their strict product diagonal depth.

2. ROUQUIER DIMENSION AND GENERATION TIME

We fix a field k. All schemes are assumed to be separated and of finite
type over k, and all derived categories are bounded derived categories of
coherent sheaves unless stated otherwise.

Let 7 be an idempotent-complete triangulated category. For an object
G € T, let (G)op denote the smallest full subcategory of 7 containing G
and closed under finite direct sums, direct summands, and shifts. Define
inductively

(G)as1 = add((G)a * (G)o),
where A x B consists of objects C' fitting into a distinguished triangle

A—C— B— All]

with A € A and B € B, and where add denotes closure under finite sums,
shifts, and direct summands.
The Rouquier dimension of 7T is

RAim(7) =inf{d: 3G € T, T = (G4}
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Remark 2.1. Some authors use a shifted convention, writing (G)441 for
what is here (G)4. All statements below use the convention just fixed: d
means d cone layers.

We shall use Rouquier’s lower bound: if X is a reduced separated scheme
of finite type over a field, then

Rdim D2, (X) > dim X.

coh

3. DEPENDENCY DEPTH OF EXCEPTIONAL PRESENTATIONS
Let
E = (FEy,...,EN)

be a full exceptional collection in a triangulated category 7. Define its
dependency graph Qg by putting an arrow

E, — Ej
if i # j and RHom(E;, Ej) # 0. Since E is exceptional and ordered, this
graph is acyclic.

Definition 3.1. The dependency depth of E, denoted dep(E), is the largest
number of arrows in a directed path in Qr. Equivalently, it is the smallest
integer d for which there exists a function

p:E—{0,...,d}
such that
RHom(E,F)#0, E#F = p(E)<p(F).
Proposition 3.2. Let E be a full exceptional collection in T . Then
Rdim(7") < dep(E).

Proof. Choose a function p : E — {0,...,d} satisfying the strict monotonic-
ity condition, with d = dep(E).
For 0 <r <d, let
A, =(E€E:p(E)=r).
If E, F are distinct exceptional objects with p(E) = p(F'), then both
RHom(E, F') =0, RHom(F, E) = 0.

Indeed, any nonzero Ext in either direction would force a strict inequality
between equal grades. Hence each A, is generated in time 0 by

G.= p E.
p(E)=r

Ordering the objects by increasing p, and refining within each grade ar-
bitrarily, gives a semiorthogonal decomposition

T = (Ao, A1, ..., Ag).
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Let .
G=@a,.
r=0

Every object of 7 has a semiorthogonal filtration with one graded piece in
each A,. Since all graded pieces lie in (G)g, reconstructing the object uses
at most d cones. Thus T = (G)g4, and therefore Rdim(7") < d. O

4. STRICT PRODUCT DIAGONAL DEPTH

We use a slightly stricter form of product diagonal generation than an ab-
stract Postnikov tower. This avoids a technical ambiguity in the projective-
bundle step, where the relative diagonal is cut out naturally on Y X x Y, not
onallof Y xY.

Let X be smooth and proper.

Definition 4.1. A strict product resolution of length d of Ox , is a bounded
complex

P* = P’d—>P’d“—>--~—>PO}

on X x X, quasi-isomorphic to Ox ., such that every P~ is a finite direct
sum of weak product vector bundles

AKX B, A, B € Vect(X).
We define the strict product diagonal depth by
SPD(X) = inf{d : Oa, admits a strict product resolution of length d}.

Remark 4.2. This is a concrete product-kernel variant of diagonal dimen-
sion. It is stronger than merely requiring the diagonal to lie in the triangu-
lated subcategory generated by product kernels in d steps, but it is the right
version for the present argument because it behaves transparently under the
relative diagonal of a projective bundle.

Lemma 4.3. For smooth proper X,
Rdim D’(X) < SPD(X).

Proof. Let P* — Ox, be a strict product resolution of length d. Write each
term as a finite direct sum of products

P =P A; X Bj;.

J

Let

G = (D4 © Byj).

i

The Fourier-Mukai transform with kernel A;; X B;; sends every object of
Db(X) to an object of (G)g. Since Oa is the identity kernel, applying the
complex P*® to any F € D’(X) expresses I by a length-d complex whose
terms lie in (G)g. Hence F € (G)4, and Rdim D*(X) < d. O
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5. EXCEPTIONAL LEVELS AND STRICT DIAGONAL DEPTH

Let
E = (Ey,...,EN)
be a full exceptional collection of vector bundles on a smooth proper variety
X. Suppose the collection is divided into ordered levels
E=EjUE - --UE,
such that the collection is ordered by increasing level and, if E, F' € E, with
E # F, then
RHom(E, F') = 0 = RHom(F, E).

Proposition 5.1. Under these hypotheses,
SPD(X) <d.
Consequently, Rdim D*(X) < d.

Proof. Let EV be the dual exceptional collection. The standard resolution of
the diagonal associated to a full exceptional collection gives a finite twisted
complex whose terms are weak product kernels (E) K F;. Because objects
in the same level are mutually completely orthogonal, the terms belonging
to the same level may be grouped into a direct sum

P.= P (E)RE;.

E;,€E,

The diagonal kernel Oa , is represented by a complex

[P()-)Pl —>—>Pd]
up to the usual choice of signs and shifts dictated by the exceptional collec-
tion. Each P, is a finite direct sum of weak product vector bundles. Hence

Oa, has a strict product resolution of length at most d, and SPD(X) <
d. O

6. THE PROJECTIVE-BUNDLE STEP

The following proposition is the technical point that replaces any false
semiorthogonal-decomposition estimate.

Proposition 6.1. Let X be smooth and proper, let V be a rank-two vector
bundle on X, and let
7Y =Px(V) > X
be the projective bundle of one-dimensional quotients of V. Then
SPD(Y) < SPD(X) + 1.
Proof. Let
f=mxm:Y xY = X xX.

Let Z =Y xx Y = f1(Ax). Since 7 is smooth, the square is Tor-
independent, so
Oz ~Lf*On,.
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Let d = SPD(X), and choose a strict product resolution P®* — Oa, of
length d, with each term a finite direct sum of product vector bundles on
X x X. Pulling back gives a locally free resolution

Q. = Lf*P. — Oy

on Y x Y. Each term of Q°® is again a finite direct sum of product vector
bundles, since

(AR B) ~m*AX *B.

We now cut out the relative diagonal inside Z. Let p1,p2: Z =Y xxY —
Y be the two projections. Since Y = Px (V) parametrizes one-dimensional
quotients, we have the universal sequence

08—V —0y(l) =0,

where S is a line bundle. The relative diagonal Ay C Z is the zero locus of
the natural morphism

piS — p30y(1).
Equivalently, it is cut out by a regular section of
piSY @ p30y(1).
Thus on Z there is an exact sequence
0= piS®p50y(—=1) — Oz — O, — 0.

Let M :==SX Oy (—1) on Y x Y. The first term above is Oz ® M. Hence
the relative diagonal is represented as the cone of a morphism

OZ@M—>OZ.

Since Q* — Oy is a locally free resolution, this morphism can be represented
by a chain map

Q* oM — Q°.
Its cone is a locally free complex quasi-isomorphic to Oa, . The cone com-
plex has terms

Q—i D (Q—i+1 ® M)

Each Q7 is a finite direct sum of product vector bundles, and tensoring by
the product line bundle M = S X Oy (—1) preserves this property. Since Q*®
has length d, the cone complex has length at most d + 1. Hence SPD(Y) <
d+1=SPD(X)+ 1. O

Corollary 6.2. If
Xg—= Xg1— = Xo

is a tower of ¢ P'-bundles between smooth proper varieties, then

SPD(X,) < SPD(Xo) + ¢.
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7. ODD HASSETT SPACES

We now apply the preceding formalism to the Hassett spaces considered
by Castravet—Tevelev.

Let p = 2r +1 be odd. Let M, denote the symmetric Hassett space ap-
pearing in the Castravet—Tevelev construction. They construct a full strong
Sp-equivariant exceptional collection

Fie
indexed by subsets £ C {1,...,p}, with e = | F|, satisfying
I+ min(e,p—e) <r—1, l+e=0 (mod 2).

The collection is ordered by increasing e, and the order is arbitrary for fixed
e.

Lemma 7.1. For p = 2r + 1, the number of nonempty e-levels in the
Castravet-Tevelev collection on M, is p — 2.

Proof. The level e is nonempty precisely when there exists [ > 0 such that
I+ min(e,p—e) <r—1

and [ + e =0 (mod 2). The smallest admissible [ is 0 if e is even and 1 if e
is odd. For 0 < e < r, this gives e + €(e) < r — 1, where €(e) = 0 for even e
and e(e) = 1 for odd e. For r+1 < e < 2r+1, by symmetry it is equivalent
to the analogous condition for p — e, with the parity shifted. Counting the
admissible levels on both sides gives p — 2 = 2r — 1 nonempty levels. ([

Theorem 7.2. For p odd,
Rdim D%, (M) = p — 3.

coh

Proof. The Castravet—Tevelev collection is full and strong. Since the order is
arbitrary for fixed e, objects with the same e-value are mutually completely
orthogonal. Therefore the collection has dependency depth equal to the
number of nonempty e-levels minus 1, namely p — 3. The strict product
diagonal estimate gives Rdim D%, (M,) < p — 3. Since dim M, = p — 3,
Rouquier’s lower bound gives the reverse inequality. ([

8. ODD-HEAVY HASSETT TOWERS

Let M, , be the Hassett space with p heavy markings and ¢ light markings
in the Castravet—Tevelev setting. For p odd and ¢ > 0, Castravet—Tevelev
describe M, , — M, as an iterated g-fold universal P!-bundle, and their full
exceptional collection is obtained by repeated application of the projective-
bundle construction.

Theorem 8.1. Let p > 3 be odd and let ¢ > 0. Then
Rdim DY, (M) =p +q — 3.

coh
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Proof. For ¢ = 0, this is the previous theorem. For g > 0, write M, , as
a tower of ¢ P'-bundles over M,. By the previous theorem and the strict
product diagonal estimate from the Castravet-Tevelev collection on M,

SPD(M,) <p—3.
Iterating the projective-bundle step gives
SPD(M,4) <p—-3+q¢=p+q—3.

Therefore Rdim D2, (M), ;) < p+q—3. Since dim M,, , = p+q—3, Rouquier’s
lower bound gives equality. ([l

9. EXAMPLES AND OUTLOOK

For p = 5, the admissible e-levels in M5 are
e=0,4,5.

Thus the dependency depth is 2, and Rdim D2, (M5) = 2 = dim Ms.
For p = 7, the admissible e-levels are

e=0,1,2,6,T7.
Thus the dependency depth is 4, and Rdim D?_, (M7) = 4 = dim Mj.

coh
The even-heavy Hassett spaces M, , with p even are more subtle. In
the Castravet—Tevelev collection, torsion sheaves supported on collision loci
appear in the central wall-crossing block. The next problem is to analyze
the strict product diagonal depth of these torsion blocks. This is the natural

route toward the even case and toward equivariant refinements for Mo,n-
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