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Abstract

We introduce the finite left and right Lovasz dimensions of a class of finite groups, measuring
whether the class is classified by homomorphism counts from, or into, groups of bounded order.
We prove that coprime affine groups with fixed quotient have finite Lovasz dimension on both
sides. Fix a prime p and a finite p’-group Q. Let C,, ¢ be the class of finite groups G such that

0,(G) is elementary abelian, G/0,(G) = Q.
Equivalently, by Schur-Zassenhaus and Maschke,

G=VxQ

with V' a semisimple F,Q-module, considered up to twisting by Aut(Q). We construct finite
families of bounded-order test groups

such that, for all G, H € C,, g,

if and only if

|Hom(T, G)| = |Hom(T, H)| forall T € 7,0,

and also if and only if

|Hom(G, R)| = |Hom(H, R)| for all Re R, .

Thus C, g has finite left and right Lovasz dimension. The construction is explicit and
bounded in terms of p and @, independently of dimp, O,(G). The left test family is built from
quotients (Q/N), primitive central idempotents of F,(Q), and Mébius inversion on the normal
subgroup lattice of Q). The right test family is dual: its epimorphism counts recover surjec-
tion moments of semisimple modules. Both profiles reconstruct the semisimple F,Q-module
O,(G) up to the natural Aut(Q)-action. We also prove sharpness results. The class of finite
abelian p-groups of exponent at most p® has finite left Lovasz dimension, classified by the cyclic
tests Cyp,...,Cpr. In contrast, the class of all finite abelian p-groups has infinite left Lovész
dimension: no finite family of finitely generated test groups distinguishes all of them by homo-
morphism counts. Finally, we prove two positive cases of a recent two-object hom-count test
problem. First, finite abelian groups satisfy both the left and right two-object test properties.
Second, if @ is a finite p’-group with

End(Q) = Aut(Q) U {0},
and V@ = 0, then the coprime affine groups V x Q satisfy both two-object test properties.
The proof reduces hom-counts to a positive-definite exponential kernel on semisimple multiplicity
vectors.
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1 Introduction

Homomorphism counts are among the most basic numerical invariants of finite structures. For
graphs, Lovasz’s theorem says that two finite graphs G, H are isomorphic if and only if

| Hom(F, G)| = | Hom(F, H)|

for every finite graph F'. This is often called equality of the left homomorphism profile. There
is also a right profile, obtained from counts

| Hom(G, F')|.

This paper studies finite-group analogues of a sharper question:

When can an infinite class of finite groups be classified by homomorphism counts involving only bounded-size test

We introduce two parameters for a class C of finite groups:

AL(C),  Ar(C),

the left and right finite Lovasz dimensions. Informally, A7 (C) < B means that groups in C are
classified by the numbers

| Hom (T, G)|
with |T'| < B. Similarly, Ar(C) < B means that they are classified by

| Hom(G, R)|

with |R| < B. The main theorem proves that both dimensions are finite for coprime affine
groups with fixed quotient. Let p be a prime and Q a finite p’-group. Define

Cpo = {G : Op(GQ) is elementary abelian and G/O,(G) = Q}.
By Schur—Zassenhaus,

G=ZV xQ,

where V' = O,(G) is elementary abelian. Since p 1 |Q|, Maschke’s theorem implies that V' is a
semisimple IF,@-module. The abstract group G is determined by V, but only up to twisting the
Q-action by Aut(Q). Our first result is:



Theorem 1.1 (Finite two-sided Lovasz dimension for coprime affine groups). For every prime p
and finite p'-group Q,

AL(Cpq) < o0 and ARr(Cpq) < o0.
More explicitly, there exist finite families of finite groups

7;)7627 RPvQ’
of order bounded only in terms of p and @), such that for all G,H € C, ¢,
G2 H
if and only if
| Hom(T', G)| = |Hom(T, H)| VT € T,q,
and also if and only if

| Hom(G, R)| = |[Hom(H, R)| VR € Ry 0.
The proof of the left profile theorem is constructive. Let

l=e+---+es

be the primitive central idempotent decomposition of Fp,Q). For every normal subgroup N <@,
and every tuple i = (i1,...,1q), we define a small semidirect product

TniUng x Q/N,

where

d
Uni @FP[Q/N]/FP[Q/N]éie'

/=1
Homomorphism counts from these groups into G produce sums of kernel sizes of the idempotents
ei acting on Op(G). Mobius inversion on the normal subgroup lattice of Q isolates embeddings

Q—G.

The embeddings over a fized automorphism o € Aut(Q) are counted uniformly because

HYQ,V)=0

in the coprime situation. Finally, invariant theory for the finite action of Aut(Q) recovers
the orbit of the multiplicity vector of V.. The right profile theorem is dual. The test targets are
semidirect products

Rr:UrNQ7

where Uy is a bounded semisimple F,QQ-module. Epimorphism counts from G onto R, count
surjective module maps

Op(G) — Uy



up to twisting by automorphisms of Q. These surjection moments again recover the Aut(Q)-
orbit of the semisimple multiplicity vector. Theorem A has a reconstruction form:

Theorem 1.2 (Reconstruction). The finite left and right hom-count fingerprints constructed in
Theorem A reconstruct the semisimple Fp,Q-module O,(G) up to twisting by Aut(Q)). Hence they
reconstruct G up to isomorphism. We also show that the phenomenon is sharp. Let A, be the class
of all finite abelian p-groups, and let A, <g be the subclass of exponent at most pft.

Theorem 1.3 (Abelian threshold). For every R > 1,

Ap(A, <Rr) < 0.

Indeed, the tests

Cp, Cp2y.. ., Cpr
classify Ap <gr. In contrast,
ApL(Ap) = oo.

More strongly, no finite family of finitely generated groups distinguishes all finite abelian p-
groups by homomorphism counts. Thus bounded exponent is a genuine finite-testability threshold
for abelian p-groups. We also prove a stable homocyclic extension. Let

Hp.rQ
be the class of groups
G=AxQ
with
A= (z/p )"
and p1|Q)|.

Theorem 1.4 (Homocyclic coprime affine groups). For fized p, R, Q,

ArL(Hprg) < 00 and Ar(Hp rQ) < 0.

The proof reduces to Theorem A using the fact that coprime representations over Z/pRZ are
determined up to conjugacy by their reductions modulo p. Finally, we prove two positive cases of
the two-object hom-count test property. Let G, H be finite groups. The pair (G,H) is a left test
family for the pair if

| Hom(G, G)| = | Hom(G, H)
and

| Hom(H, G)| = | Hom(H, H)|
imply G = H. It is a right test family for the pair if

| Hom(G, G)| = | Hom(H, G)



and
| Hom(G, H)| = | Hom(H, H)
imply G = H.

Theorem 1.5 (Two-object tests). Finite abelian groups satisfy both two-object test properties.
Moreover, let Q be a finite p’-group such that

End(Q) = Aut(Q) U {0}.
Let
Gy, =V, xQ, Gy =V, xQ,
where V., Vy, are semisimple F,Q-modules with
Ve =V =0
Then G, Gy satisfy both the left and right two-object test properties. The proof uses the formula

|HOIH(G$7 Gy)| =14+ pdim Vy Z p<a:,ay>D’
acAut(Q)

where x,y are semisimple multiplicity vectors and (—, —)p 1is the Schur-endomorphism-weighted
inner product. The orbit-averaged exponential kernel

Ky = Y peer
acAut(Q)

is positive definite and separates Aut(Q)-orbits. The paper is organized as follows. Section 2
defines finite Lovdsz dimension. Section 3 treats finite abelian p-groups and sharpness. Sections 4—6
prove the left profile theorem for coprime affine groups. Section 7 proves the right profile theorem.
Section 8 treats homocyclic affine groups. Section 9 proves the two-object theorems. Section 10
records logical and algorithmic consequences.

2 Finite Lovasz dimension for classes of groups

All groups in the paper are finite unless explicitly stated otherwise.

Definition 2.1 (Left finite Lovdsz dimension). Let C be a class of finite groups. We say that

AL(C) < B
if for all G,H € C,

(|Hom(7T', G)| = |Hom(T, H)| for every finite group T with |T'| < B)

implies

If no such B exists, we write



AL(C) = OQ.
Equivalently, A (C) < oo if and only if there exists a finite family of finite groups T such that
G=H <= |Hom(T,G)|=|Hom(T,H)| VI e€T.
Definition 2.2 (Right finite Lovdsz dimension). Similarly,

Ar(C)< B
if for all G,H € C,

(|Hom(G, R)| = | Hom(H, R)| for every finite group R with |R| < B)
implies
G~ H.

Definition 2.3 (Finite hom-count fingerprint). A finite family T defines a left hom-count finger-
print

®7(G) = (|Hom(T, G)|)per -
A finite family R defines a right hom-count fingerprint

@%(G) = (|Hom(G, R)|) gerg -

If @%— is injective on isomorphism classes in C, then T is a left test family for C. Similarly for
right test families.

3 Abelian p-groups: finite depth and sharpness

We begin with the simplest case. It motivates the later affine results. Let A, <r be the class of
finite abelian p-groups of exponent at most pf. Every A € A, <r has a unique decomposition

R
A=pCy.
j=1
For 1 <e <R,

| Hom(Cpe, A)| = |Afp°]].

Now
|A[p]| = p™,
where
R
ae = ij min(e, j).
j=1
Thus



Ae — Qe_1 = ij.

j>e
It follows that

me = (ae - CLe—l) - (ae—i—l - ae)
for e < R, and
mp =ar —aAR—1.
Proposition 3.1 (Bounded-exponent abelian p-groups). For every R > 1,

Ap(Ap<r) < p™
Indeed, the finite family

Cp, Cp2, ..., Cyr
classifies A, <r by homomorphism counts.
Proof. The counts
| Hom(Cpe, A)|, e=1,...,R,

recover the numbers a. = log, | A[p°]|, and the difference formula above recovers all multiplicities
m;. Hence they recover A.

O]

The bounded-exponent condition is necessary for finite left testability in this broad abelian
class.

Theorem 3.2 (No finite test family for all abelian p-groups). Let

Ty,....,Tom

be any finite family of finitely generated groups. Then there exist finite abelian p-groups A, B
such that: A% B; |A| = |B|; for every (j),

| Hom(I';, A)| = | Hom(T';, B)|.
In particular,

AL(AP) = 00,
where A, is the class of all finite abelian p-groups.

Proof. Since A, B will be abelian, only the abelianizations of the I'; matter. Write

4 =~ 77 @ Fj.

Choose D so that the p-primary component of every F; has exponent at most pP. Define
A= CpD-H b CpD+1,
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B = CpD+2 D CpD.
Then

|A| = |B| = p*P*2,
but

A% B.

For every e < D,

|A[p°]| = p** = | B[p7]
Therefore

| Hom(F}, 4)| = | Hom(F}, B)|

for every (j). The free part contributes

A" = |B|".
Thus

| Hom(T'j, A)| = |Hom(T';, B)|

for all (j).
O

This shows that finite Lovasz dimension detects a genuine structural boundary: finite abelian
p-groups of bounded exponent are finitely testable, but arbitrary finite abelian p-groups are not.

4 Coprime affine groups and semisimple modules

Fix a prime p and a finite p’-group Q. Let Cp ¢ be the class of groups G satisfying

Vi := Op(G) is elementary abelian,

and

G/Ve = Q.

Since Vg is characteristic, it is intrinsic. By Schur—Zassenhaus,

G=VexQ.
Since p 1 |Q|, the algebra

A=TF,Q

is semisimple. Let

l=e1+---+es



be the decomposition of (1) into primitive central idempotents of A. Let S; be the simple
A-module corresponding to e;, and set

di = dim]pp S,L

Every finite-dimensional A-module decomposes uniquely as

Vs
=1

The idempotent e; projects onto the S;-isotypic component. Hence
|ker(e; : V — V)| = pr—midi,
where
n = dimg, V.

The group Aut(Q) acts on A, permuting the primitive central idempotents e;, and therefore
permuting the simple isotypic labels.

Lemma 4.1 (Isomorphism criterion). Let
G:VNPQ, H:WNO'Q
belong to C, . Then

G=H

if and only if the semisimple F,Q-modules V' and W are isomorphic after twisting by an auto-
morphism of Q). Equivalently, if

vedsm,  w=hsh,
then G = H if and only if the multiplicity vectors (m;) and (n;) lie in the same Aut(Q)-orbit.

Proof. An isomorphism G — H sends O,(G) onto O,(H ), because O,, is characteristic. It therefore
induces an isomorphism

VW
and an automorphism
G/V — H/W,

which, after identifying both quotients with @, is an element of Aut(Q). This gives the twisted
module isomorphism. Conversely, if S : V' — W is a linear isomorphism and a € Aut(Q) satisfies

Sp(q)S™" = a(alq)),
then

(v,q) = (Sv,a(q))



defines an isomorphism

Vx,QEW %, Q.
O

We shall reconstruct the multiplicity vector up to this automorphism action using homomor-
phism counts.

5 The left test family

Let N <@, and put

Ry = Q/N.
Let

7wy FpQ — FpRN
be the induced algebra map. Write

eN = mn(e;)
For a tuple
i=(i1,...,1q),
define the F, Ry-module
d
Un,iEPF,Ry/F,RyeD .
(=1
Define the finite group
TNJUNJ X RN.
For the empty tuple, put
TN’g = RN
We will use only tuples with
d < |Aut(Q).

Thus

T ] < QI AL,

Lemma 5.1 (Homomorphism count formula). Let G € Cp q, and let V = O,(G). Then

[Hom(Ty:,G)| 3 ﬁ [ker (& = Vo = V3)]
0:Rn—G =1

where Vy denotes V' as an F,Rn-module via the conjugation action induced by 6.
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Proof. Every element of order dividing p in G lies in V| because its image in G/V = @ has order
dividing p, and @ is a p’-group. Therefore the elementary abelian normal subgroup Uy ; of T ;
must map into V. Fix an homomorphism

0: Ry — G.

The extensions of # to homomorphisms

TN,i — G

are precisely the [F, Ry-module homomorphisms

UNJ — Vg

For a summand

F,Ry/F,Ryel,

a module homomorphism to Vp is determined by the image of (1), and this image may be any
vector annihilated by élN . Thus the number of choices is

| ker(&]" : Vg — Vp)|.

Taking the product over the direct summands and summing over 6 proves the formula.

6 Mobius inversion and orbit recovery

Let M (Q) be the lattice of normal subgroups of @, ordered by inclusion. Let

HQ
be its Mobius function. For a tuple i, define

Ei(G) = ) ng(1,N)|Hom(Tn;, G)l.
N<Q

Lemma 6.1 (Isolation of embeddings). For G € Cp ¢,

d
Ei(G) Z H | ker(e;, : Vo — V).
0:Q5G (=1

Proof. An homomorphism Ry = Q/N — G is the same as an homomorphism @ — G whose kernel
contains N. Therefore Lemma 5.1 expresses the count for NV as a sum over homomorphisms @Q — G
with kernel containing N. Mobius inversion over the normal subgroup lattice isolates the terms
with kernel exactly (1), i.e. the embeddings @ — G.

O
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Now choose a splitting

G=Vx,Q.
Every embedding
0:Q — G
projects isomorphically onto G/V = @, and therefore induces an automorphism

ap € Aut(Q).
For a fixed a € Aut(Q), the embeddings inducing « are parametrized by (1)-cocycles

Zl(Qanoa)'
Since p 1 [Q),
HY(Q, Vo) = 0.

Lemma 6.2 (Uniform embedding count). For every o € Aut(Q), the number of embeddings Q@ — G
inducing o is

o V]
vey
In particular, it is independent of a.
Proof. Every (1)-cocycle is a coboundary. Explicitly, a coboundary has the form
z(q) = v — pla(q))v.
Two vectors (v,v’) define the same coboundary if and only if
v—v e VC.
Thus

V]

|ZI(Q’ VPOO)HBl(Qa Vpoa)‘m.

Define

K;(G) = |ker(e; : V = V).

Proposition 6.3 (Orbital moment formula). For every tuple

i=(i1,...,1q),

d
Ei(G)ca Z H Koz(ig)(G)'

acAut(Q) £=1
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For the empty tuple,

Eo(G) = cal Aut(Q).
Thus the ratios

E;(G)

Ey(G)

recover the orbital averages of monomials in the vector

K(G) = (Ki(G),...,K(Q)).

Proof. 1f an embedding induces «, then the induced @Q-action on V' is p o a. Hence

|ker(e; : Vo — V)| = Ko@) (G).

For each « there are c¢g such embeddings, by Lemma 6.2. Summing over « gives the formula.
O

We now record the invariant-theoretic separation step in a self-contained form.

Lemma 6.4 (Orbital monomials of bounded degree separate finite permutation orbits). Let A be

a finite group acting by permutations on 1,...,s. Let x,y € Q°. Suppose that, for every monomial
(M) of total degree at most |A|,

Z M(ax) = Z M (ay).

a€cA acA

Then x and y lie in the same A-orbit.

Proof. Let

Q, ={ax:a e A}, Qy ={ay:ac A},

counted with multiplicity. Each multiset has size |A|. The equality of all monomial orbit sums
of degree at most |A| implies that for every linear form ¢, the power sums

> =)

ZEQI

and

D )T

2€€Qy,

are equal for all

0<r<|A

For a finite multiset of size |A| in a field of characteristic zero, the first | A| power sums determine
the multiset of values. Hence

{0(2): 2z € Qp} = {l(2) : 2 € Qy}

13



for every linear form ¢. Choose ¢ injective on the finite set 2, U Q,. Then equality of the
multisets of /-values implies

Thus z and y lie in the same A-orbit.
O

Theorem 6.5 (Left finite Lovasz dimension for C, q). For every prime p and finite p'-group Q,

AL(Cpo) < |Q,p\QII Aut(Q)]

More precisely, the finite family consisting of C, and the groups
TN,ia N < Q7 |i| < |AUt(Q)’a
classifies Cp g by left homomorphism counts.
Proof. The count

| Hom (G, G

is the number of elements g € G with g? = 1. Since G/O,(G) = Q is a p’-group and O,(G) is
elementary abelian,

| Hom(Cy, G)| = |0p(G)[ = p".

The counts from the groups T ;, via Mdbius inversion and Proposition 6.3, recover all orbital
monomial sums of degree at most | Aut(Q)| in the vector

K(G) = (Ki(G)).
By Lemma 6.4, they recover the Aut(Q)-orbit of (K(G)). Since

Kz(G) = pn_midi )

and (n) is known, the orbit of (K(G)) recovers the orbit of the multiplicity vector

(ml, v ,ms).

By Lemma 4.1, this orbit determines G up to isomorphism.
O

This proves the left half of Theorem A and the reconstruction statement for the left profile.
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7 The right test family

We now prove the right profile analogue. Let

S

Vin = P S;™

i=1
be a semisimple F,()-module, and let

G =V ¥ Q.

For a vector

r=(ry...,rs) € N%
define

U= sy,
=1

and

Ry =U; x Q.
We shall use only

Ir|:=ri 4+ + 71, < |Aut(Q)].
Also include all subgroups of the finitely many R, in the test family. Let

Di = EHdQ(Sz),

a finite division ring. Put

¢ = |Dil.
For m,r > 0, define

Surjp, (m,r) = #{surjective D;-linear maps D;" — Dj}.
Thus

r—1

Sueri (m7 T) = H(qzn - qz)v
j=0

with the convention that the empty product is (1).

Lemma 7.1 (Epimorphism count formula). Let
Gm =V, xQ.

Then

| Epi(Gp, Ry)|cr Z H Sutjp, (Mai, i),
acAut(Q) i=1

where ¢y > 0 depends only on Q and r, not on (m).

15



Proof. An epimorphism

Gm — R

induces an epimorphism

Q—Q

on the quotients by the normal p-subgroups. Since domain and codomain quotients are both
@, this induced map is an automorphism

a € Aut(Q).

Fix a. The restriction to the p-kernel is a Q-module map

Vin — U,

where the target is twisted by «. The total group homomorphism is surjective if and only if
this module map is surjective. The number of surjective module maps is

H Surjp, (Mai, 7:)-
i

For each «, the possible images of the complement are parametrized by

Z1(Q.Up).
Since p 1 |Q,
HY(Q,Ug) =0,
so the number of cocycles is
Ur’
7ZNQ, U2 | .
1Z°( )| 09

This depends only on r, not on (m) or «. Absorbing this factor into ¢, gives the formula.
O

To recover epimorphism counts from homomorphism counts, we use the elementary triangular
relation.

Lemma 7.2 (Hom-to-epi inversion). Let R be a finite group. If the values

| Hom(G, S)

are known for every subgroup S < R, then

| Epi(G, 9)]

s known for every subgroup S < R.

16



Proof. Every homomorphism G — S has image a subgroup U < S, and it is an epimorphism onto
its image. Therefore

| Hom(G, S)| = Z | Epi(G,U)|.

U<s
Induction on |S| recovers | Epi(G, S)|.
O
The functions
r—1 )
Surjp, (m,r) = [](&" — &)
§=0
are polynomial functions of
Xi=q"

of degree (r), with leading coefficient (1). Therefore the products
H Surjp, (mj,r;)

span the same polynomial space as monomials

1[xF
%

of total degree at most | Aut(Q)|. By Lemma 6.4, the orbital sums of these polynomials recover
the Aut(Q)-orbit of

(X3) = ().
Since ¢; is fixed and positive, this recovers the orbit of
(m;).
Theorem 7.3 (Right finite Lovasz dimension for Cp, o). For every prime p and finite p'-group Q,
Ar(Cpg) < oo,
More precisely, the family consisting of all subgroups of the finitely many groups
Ry = Uy % Qa |I'| < |AUt(Q)|7
classifies Cp g by right homomorphism counts.

Proof. Given the right homomorphism counts into all subgroups of the R;, Lemma 7.2 recovers the
epimorphism counts onto the R.. By Lemma 7.1, these epimorphism counts give the orbital sums

Z H Surjp, (Mai, i)

acAut(Q) ¢
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for all |r| < |Aut(Q)|. These span the orbital monomial sums of degree at most | Aut(Q)| in
the variables ¢;"". By Lemma 6.4, they recover the Aut(Q)-orbit of the multiplicity vector (m;).

By Lemma 4.1, this orbit determines G.
O

Combining Theorem 6.5 and Theorem 7.3 proves Theorem A.

8 Homocyclic coprime affine groups

We now extend the finite testability theorem to homocyclic p-kernels. Fix R > 1. Let H, r o be
the class of groups

G=AxQ
such that
A= (z/p" L)
for some (n), and

p1lQl.

The key point is that coprime representations over Z/pfZ are determined by their reductions
modulo p.

Lemma 8.1 (Coprime lifting rigidity). Let

p,0:Q — GL,(Z/p"7)

be representations of a finite p'-group Q. If their reductions modulo p are conjugate in GL,,(Fp),
then p and o are conjugate in

GL,(Z/p"7).
Proof. After an initial conjugation, assume

p=oc (mod p).

We prove by induction that they are conjugate modulo p” for r = 1,..., R. Suppose they are
equal modulo p”. Modulo p"*!, write

o(q) = (I +p"c(q))p(q).
Then

c:Q — My(Fp)

is a (1)-cocycle for the action

q-X = plg)Xplg)~".
Since p 1 Q|

18



HY(Q, My (Fp)) = 0.
Hence
() =X—-q-X
for some X € M, (F,). Conjugating by
I+p'X

removes the error modulo p"!. Induction gives the desired conjugacy modulo p¥.

Theorem 8.2 (Homocyclic coprime affine groups). For fized p, R, Q with p1|Q),

AL(HpRr@g) < o0 and Ar(Hp,r,Q) < 00.

Proof. Let

G=AxQ, A= (z/p"z)".
The subgroup

Apl=a€ A:pa=0

is an elementary abelian characteristic subgroup, naturally isomorphic as an [F,Q-module to the
reduction of A modulo p. The left and right test families of Theorem 6.5 and Theorem 7.3, applied
to the elementary module (A[p]), recover the semisimple F,Q-module (A[p]) up to Aut(Q)-twist.
By Lemma 8.1, the full (Z/p®Z)Q-module A is determined by this reduction. Hence the group

A x @ is determined. Only bounded-size tests depending on p, R, () are involved.
O

9 Two-object hom-count tests

We now prove two positive cases of the two-object test property.

9.1 Finite abelian groups
Let A be a finite abelian group. For each prime p, write

1y = Q.

e>1

Define

Upe(A) = Z myp, ;i (A).

j>e
Thus upe(A) is the number of cyclic p-primary summands of A of order at least p°. For finite
abelian groups A, B,
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| Hom(A, B)| = Hp2621 UP,C(A)up,e(B)'
P
Equivalently,

log ’ Hom(A, B)| = Z(logp)v up,e(A)up,e(B)'

p7e

This is an inner product.

Theorem 9.1 (Two-object tests for finite abelian groups). Finite abelian groups satisfy both the left
and right two-object test properties. That is, for finite abelian groups A, B, either of the following
pairs of equalities implies A = B: Left-profile equalities:

| Hom(A, A)| = |Hom(4, B)],

| Hom(B, A)| = |Hom(B, B)].
Right-profile equalities:

| Hom(A, A)| = |[Hom(B, A)],

| Hom(A, B)| = | Hom(B, B)|.
Proof. For finite abelian groups,

| Hom(A, B)| = |Hom(B, A)|.

Taking logarithms identifies the homomorphism count with the exponential of an inner product
of the vectors

u(A) = (up,e(4))pe-

Either pair of equalities gives

(u(A), u(A))(u(A), u(B))(u(B), u(B)).

By equality in Cauchy-Schwarz, u(A) = w(B). The vector u(A) determines the multiplicities
my.c(A), since

My e(A) = upe(A) = uper1(A).
Hence A = B.
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9.2 Coprime affine two-object theorem

Let @Q be a finite p’-group satisfying

End(Q) = Aut(Q) U{0},
where (0) denotes the trivial endomorphism. Let
Gy =Vy xQ, Gy =V, xQ,
where V,, V, are semisimple F,Q-modules with
Ve =V =0
Let

Si,...,S;s

be the nontrivial simple F,()-modules appearing in this setting. Write

V. =sy, V= s
Let

Define

(x,y)p > diziy:.

The group Aut(Q) acts on the simple modules and preserves d;. Define the orbit-exponential
kernel

K(z,y) > p"ovr,
acAut(Q)

Lemma 9.2 (Homomorphism count formula). Under the assumptions above,
[ Hom(Ga, Gy)| = 1+ p"™ YK (2, y).
Proof. Let
f:Ge — Gy
be a homomorphism. It induces an endomorphism

Q— Q.

By assumption, this endomorphism is either trivial or an automorphism. If the induced en-
domorphism is trivial, then the image of the complement @ lies in the p-group V. Since @ is a
p/-group, this image is trivial. The restriction V; — V;, must factor through the coinvariants of V.
Since p 1 |Q)|, coinvariants and invariants have the same dimension; since VxQ = 0, this map is zero.
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Thus the trivial quotient case contributes exactly one homomorphism. Now suppose the induced
endomorphism is « € Aut(Q). The restriction to V, is a @-module homomorphism

Ve = V7,

and the number of such homomorphisms is
p<x7ay>D .

The possible images of the complement are parametrized by

ZY(Q,Vy")-
Since p 1@,

1 _

H (Q7 Vya) - 0

Since VyQ =0,

1ZHQ. V)| = V| = ptm ¥

Summing over o € Aut(Q) gives the formula.

Lemma 9.3 (The kernel K separates orbits). Let

A = Aut(Q).
The kernel

K(z,y) =Y ptoovr
acA

is positive definite after orbit averaging and separates A-orbits. In particular, if equality holds
in Cauchy-Schwarz for K, then (z) and (y) lie in the same A-orbit.

Proof. Consider the real inner product space with inner product (—, —)p. Define

(Vlogp,z)®"
d(x —_
( )7“6290 vr!

Then

Now define the orbit feature map

Psi(z) = Z D (ax).
acA
Then

(W(2), ¥ (y)|AlK (2,y).
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If equality holds in Cauchy—Schwarz for K, then equality holds for the vectors ¥(z), ¥(y). Hence
U(z) = c¥(y) for some ¢ > 0. Comparing the degree-zero component gives ¢ = 1, so ¥(x) = ¥(y).
Therefore, for every vector (z),

3 plewa)n 3 plav)o

acA acA

Distinct exponential linear forms are linearly independent as functions of z. Hence the multisets

Ax and Ay

coincide. Thus x and y lie in the same A-orbit.
O

Theorem 9.4 (Two-object tests for endomorphism-simple coprime affine groups). Let @ be a finite
p’-group satisfying

End(Q) = Aut(Q) U {0}.
Let

G, =V, xQ, Gy =V, xQ,
with

Ve =ve=0.
Then G, Gy satisfy both the left and right two-object test properties.

Proof. Write

h(z.y) = | Hom(Gy, Gy).
By Lemma 9.2,

hz,y) =1+ p™ WK (2,y).

Left-profile version Assume
h(z,xz) = h(zx,y),
h(y,z) = h(y,y).
Then
pdiszK(l‘, .QZ) _ pdimVyK(:E, y)7

and
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P VoK (z,y) = p™m YW K (y, ).

Multiplying gives

K(z,2)K(y,y) = K(z,y)*.

Thus equality holds in Cauchy—Schwarz for K. By Lemma 9.3, (x) and (y) are in the same
Aut(Q)-orbit. Hence

Right-profile version Assume

h(l’, x) = h(y7 x)a

h(z,y) = hy,y).
Then

K(xvx) = K(x,y),

and

K(z,y) = K(y,y)

Again equality holds in Cauchy—Schwarz, and Lemma 9.3 gives that z, y lie in the same Aut(Q)-
orbit. Hence

O]

This proves a nontrivial infinite class of positive cases for the two-object hom-count test property.

10 Equation-count profiles and algorithmic remarks

For every finite test group 7', the number

| Hom(T, G)|

is the number of solutions in G of a fixed finite system of group equations. Indeed, introduce
one variable x; for each t € T', and impose

x1 =1,
Talp = Tab (a,beT).

The solutions are exactly the homomorphisms 7' — G. Therefore Theorem 6.5 has the following
purely equational form.

24



Corollary 10.1 (Bounded equation-count profile). For fized p,Q, the groups in Cp ¢ are classified
by finitely many ordinary group-equation counts of bounded size. Equivalently, if G,H € C,q are
non-isomorphic, then there exists a group-equation system of size bounded in terms of p, ) whose
number of solutions differs in G and H. Thus every non-isomorphic pair in C,q has a bounded
hom-count separator.

Corollary 10.2 (Logarithmic fingerprints). For fized p, Q, the finite left and right fingerprints of
groups in Cp g have total bit length

Op,q(log|G]).
Proof. The number of coordinates is bounded in terms of p, ). Each coordinate is at most
G|

for a constant (c¢) depending only on the relevant bounded test group. Hence each coordinate
has O, g(log |G]) bits.
O

These fingerprints are not claimed to improve the best known algorithms for isomorphism testing
in this regime. Rather, they provide a fixed finite list of numerical homomorphism-count invariants
that completely reconstruct the semisimple affine data.

11 Further directions

11.1 Arbitrary bounded-exponent abelian kernels

The homocyclic theorem suggests a broader statement for groups

AxQ

where A is abelian of exponent at most p*. Proving this in full requires a careful treatment of
finite modules over

(Z/p"7)Q.
The expected answer is that finite Lovasz dimension remains finite for fixed p, R, @), with test

groups built from block idempotents and p®-torsion functors.

11.2 Nonabelian semisimple socles

A second direction is to replace the abelian kernel O,(G) by a centerless semisimple socle

ni nt
STt x - x Sy

with quotient @) acting on the simple factors. The correct analogue should involve decorated
table-of-marks data for @Q-sets labeled by outer automorphism data of the simple factors. This
would give a nonabelian version of the finite Lovasz profile theorem.
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11.3 Minimal test families

The constructions in this paper are explicit but not optimized. Natural questions include: de-
termining the smallest possible B with Ap(Cp o) < B; minimizing the number of test groups;
understanding when a single test group can separate the whole class.

11.4 Full two-object test problem

Theorem 9.4 proves the two-object test property for affine groups with endomorphism-simple quo-
tient and no fixed vectors. The general coprime affine case reduces to explicit formulas involving

End(Q)

and twisted Hom-spaces of semisimple modules. It remains to determine for which finite groups
(@ the two-object test property holds on the corresponding affine class.
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