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Abstract

We study exact integer presentations of Boolean functions by expanded homogeneous forms
and by polynomial interpolation on integer two-point encodings. The main point is that
coefficient-height obstructions are preceded by a more basic lattice obstruction: the evaluation
lattice depends strongly on the chosen Boolean encoding.

For a product encoding

n
Q:Hai7b¢CZ"7 m; =b; —a; >0,
i=1
we compute the interpolation lattice by finite differences. If f : Q — Z, then its unique
multilinear interpolant has coeflicients

Asf
“me ms = H my.
o ies
Consequently the least common denominator needed to interpolate f is

ms
ged(ms, Asf)
For Boolean functions g : 2 — —1, 1, the universal denominator is exactly

Dq(f) =lem S C [n]

B [1; m:
Duni () = =300, TL )

We then classify exactly which Boolean functions on 2 are represented by integer polynomials.
If

U:Zmizl, V:Zm2:2, W:zmlz?),

then such functions are precisely those which are independent of the W-coordinates and, af-
ter identifying the V-coordinates with —1,1, restrict on each U-fiber to a signed character.
Equivalently they have the form

g(.’E,y,Z)ZO'((E) H Y-

JER(x)

Thus the number of exact-integral Boolean functions is

(2|V\+1>2‘U| '

We also introduce coefficient alphabets for homogeneous Boolean lifts in the 0, 1-encoding. For
an alphabet A C Z, an exact homogeneous degree-d lift exists if and only if every Boolean
Mébius coeflicient belongs to the corresponding block sumset:



ns(g) € <|g|>z4-

This gives exact universal criteria for arbitrary alphabets. For odd alphabets

A — g —H+2 ... H, H odd,

Lucas’ theorem produces an arithmetically oscillating universal degree threshold:

Dy (n)
Q(n)

pute) =i {a: (") 27},

Finally, for a uniformly random Boolean function G,, we compute the typical exact ternary

sparsity:
Zex,H(CTVn) = <;I\/z+ OP(1)> (1 + ﬂ)n

for each fixed H > 1, in contrast with the parity worst case 3".
The results are elementary but exact. They are not coordinate-invariant statements about
polynomial threshold functions. They are invariants of explicit integer presentation models.

D oada(n) = Q(n) { -‘ , Qn) = 9llogs (n+1)T

where

1 Introduction

The expanded homogeneous model for Boolean functions has a simple but rigid block structure. In
the standard 0, 1-encoding, a homogeneous monomial of degree d collapses on the Boolean cube to
a unique squarefree monomial. The block corresponding to a support S C [n] has size

)

Thus coefficient constraints on a homogeneous form become independent constraints on the Boolean
Mobius coefficients.

The present note develops two complementary extensions of this observation.

First, before studying coefficient height, one should identify the underlying interpolation lattice.
The usual 0, 1-encoding is special because it is unimodular: every integer-valued function on the
cube has an integer multilinear representative. Other natural integer encodings, such as —1, 1", are
not unimodular. They introduce denominator and congruence obstructions before coefficient-size
obstructions appear.

Second, instead of bounding coefficients by an interval, one may prescribe an arbitrary coefficient
alphabet

ACZ.

Then the exact lift problem is governed by sumsets

gA=a1+ - +ay:0a; € A

This includes coefficient boxes, ternary coefficients, signed-binary coefficients, and odd alphabets.



The note is self-contained. It deliberately studies presentation-dependent integer models. It
does not claim coordinate-invariant lower bounds for polynomial threshold functions.

2 Integer two-point encodings and finite differences

Let

n
Q:Hai,biCZn, a; < by,
=1

and set

m; = b; —a; > 0.
For S C [n], define

mg = H m;, mg = 1.
€S

For U C [n], let py € Q be the point with

( )'_ b;, 1€,
pu)i= ag, Z¢U

For a function f : 2 — Z, define its finite-difference coefficients by

Agf = Z ISI IUlf ).

Ucs
Let

¢s(T) = [[(T; — ai).

€S
The polynomials ¢g, S C [n], form a Z-basis of the module of multilinear integer polynomials in
T1,...,T,. Indeed,

os(T) = H T; 4 terms supported on proper subsets of S,
€S
so the change-of-basis matrix from the standard squarefree monomial basis is triangular with diag-
onal entries 1.

Theorem 2.1. Finite-difference interpolation formula For every f : Q — Z, the unique
multilinear polynomial over QQ interpolating f on 2 is

Agf
Pf(T) = Z mi%*( )-
sCn] 9
Consequently, the least positive integer D such that DP; has integer coefficients is

mg

Dq(f) = lemgcpy acd(mg, As )’



Proof. Let

Evaluating at py, we obtain

mg, Sng

¢s(pu) = {07 S¢U

Therefore
P(py) = Z csmsg.
SCU
Thus P(py) = f(py) for all U C [n] is equivalent to
flow) =) csms.
SCU
By Mobius inversion on the Boolean lattice,
csms = > _ (=15 f(py) = Agf.
UcCS
Hence

_ As/

cs )
ms

Since the basis ¢g is a unimodular Z-basis of the multilinear integer polynomials, D Py has integer
coefficients in the standard squarefree monomial basis if and only if each

is an integer. The least such D is the displayed least common multiple. [J

3 The evaluation lattice
Let

evQ: Z[Ty,. .., Tplml — Z%

be the evaluation map from multilinear integer polynomials to integer-valued functions on €.
In the basis ¢g on the domain and the point basis indexed by U C [n] on the codomain, the
matrix of evaluation is

mgs, Sg U7
My o =
v {o, S¢U.

Thus

M = Z diag(mg),



where Zy g = 1gcy is the zeta matrix of the Boolean lattice.
The zeta matrix Z is unimodular, with inverse given by Mobius inversion:

—— (_1)|U|f\5\7 ScCu,
U5 T0, S¢uU.

Proposition 3.1. Diagonal form and index The evaluation lattice ev Q(Z[T]ml) C Z% is
equivalent over Z to the diagonal lattice with diagonal entries

mS:Hmi, S C[n].
i€S
In particular, its index in Z* is

(2 : evQ(Z H ms—Hm2" "

SC[n|
Proof. Since Z is unimodular,
M = Z diag(msg)
is equivalent over Z to diag(mg). Therefore the cokernel has order

IT ms.

SC[n]

Finally,

[T ms = T1 [ [l = Tt

SCln] SC[n]i€S i=1

0J This diagonal form is not necessarily the Smith normal form in invariant-factor order when the
m; have distinct prime factors. It is, however, a diagonal form over Z sufficient for the interpolation
and index computations above.
4 Universal denominators for Boolean functions
Let

g:Q— —1,1.

For S # @, the finite difference Agg is a sum of 21! signs. Hence

Agg=0 (mod 2) (S # 2).
Let



Theorem 4.1. Universal Boolean denominator The least positive integer D such that every
Boolean function

g:Q—-1,1
has a multilinear interpolant with coefficients in D~'Z is

M

Duniv Q)= ——.
() ged(M, 2)

Proof. First prove sufficiency.
Let g: Q2 — —1,1. Its coefficient in the ¢g-basis is

Agyg
ms
For S = &, this coefficient is +1.
Assume S # @. Then Agg is even. If M is odd, choose D = M. Since mg | M,

A
D289 c 7.

ms
If M is even, choose D = M/2. Since Agg/2 € Z,

A M A
Dﬂzi.ig

€.
mgs mgs 2

Thus

M

D=—
ged(M, 2)

suffices.
For necessity, choose a Boolean function g whose top finite difference satisfies

Appg =2.

Such a function exists, because Ay, g is a sum of 2" independently assignable signs and can attain
every value in

i, L, L R

The coefficient of ¢, in the interpolating polynomial is then

2
U
If all Boolean functions can be represented with coefficients in D~'Z, then
2
D— eZ.
M
Equivalently,
M
| D.
ged(M, 2)



This proves minimality. [J
Examples
For the standard encoding 0,1", all m; = 1, so

Duniv =1.

Thus every integer-valued function on the cube has an integer multilinear representative. For the
sign encoding —1,1", all m; = 2, so

Dyniv = 271—1‘
For 0, m", one has
m'fl
Duniv = ———1~-
Y ged (2, m)

5 Exact-integral Boolean functions on two-point encodings

We now classify Boolean functions on €2 that are represented by integer polynomials.
Partition the coordinates as follows:

U=i:m; =1, V=i:m;=2, W=1v:m; >3.
For ¢ € U, set

x; =T, —a; €0,1.
For j € V, set

yj:Tj—aj—le—l,l.

For k € W, write the coordinate as z.

Theorem 5.1. Classification of exact-integral Boolean functions A Boolean function

g:Q—-11
is represented on by a polynomial in Z[T1,...,T,] if and only if it has the form

9@y, 2) =o(x) T[ wi

JER(2)
where

0:0,1Y = —1,1

is arbitrary and

R(z)CV

is an arbitrary subset depending on z. In particular, g is independent of the W-coordinates.
The number of exact-integral Boolean functions on €2 is therefore

(2\V\+1)2|U| ‘

7



Proof. Suppose first that g is represented by some polynomial

P(T) € ZTy, ..., Ty).

Let k € W, so my = by, — ap, > 3. Fix all coordinates except Tj. We obtain a one-variable integer
polynomial

Q(t) € Zlt]
such that

Q(ak), Q(br) € —1,1.
For an integer polynomial, Q(bx) — Q(ay) is divisible by by — ax = my. But

Q(br) — Q(ay) € 0,+2.

Since my > 3, this difference must be 0. Thus ¢ is independent of coordinate k. Since k € W was
arbitrary, g is independent of all W-coordinates.

Now fix a value of the U-coordinates. The restriction of P to the remaining V-coordinates
becomes an integer polynomial in the variables y; € —1,1. Reducing modulo the relations

yi=1

gives a Walsh expansion
p(y) = > bryr, brELZ,
RCV
where
vr= ] v
JER
Since p(y) € —1,1 for all y € —1,1V, Parseval’s identity for the Walsh characters gives
1=Eylpy)*] = > b%
RCV

Because all by are integers, exactly one coefficient is +1 and the rest are 0. Hence, on this U-fiber,

p(y) = tyr
for some R C V. The sign and the subset R may depend on the fixed U-fiber. Thus

g(ZL‘, Y, Z) = U(x)yR(a:)
Conversely, suppose ¢ has this form. For each 2% € 0,1Y, let
Io(x)= H T H (1 —a).
ieU  ieU
x?zl x?zO

This is an integer polynomial and is the indicator of the U-fiber 2 = 2°. Then



g(x,y,z): Z Ix0($)0($0) H Yj

00,1V JER(z0)

is an integer polynomial representing g. This proves the classification.
For each of the 2!Vl fibers, one may choose independently a sign o(z) and a subset R(z) C V.
Thus the number of functions is

(2 ) 2‘V|)2|U| _ <2|V|+1)2|U| '

O

Corollary 5.2. When are all Boolean functions exact-integral? Every Boolean function

g:2—-11

is represented by an integer polynomial if and only if
W=g and V| <1.

Proof. If W # @, every exact-integral Boolean function is independent of the W-coordinates by
Theorem 5.1, so not all Boolean functions are represented.
Assume W = &. The total number of Boolean functions on €2 is

g2IU1+1V]

By Theorem 5.1, the number of exact-integral Boolean functions is
o(IVI+1)2U1

These numbers are equal if and only if

(V] + 1)2|U\ = 2lUIHIVI

i.e.

V|I+1=2V

This holds exactly for |V| =0 and |V|=1. O
Special cases
For 0,1™, one has U = [n] and V = W = &. Hence all Boolean functions are exact-integral.
For —1,1", one has V = [n] and U = W = @. Hence the exact-integral Boolean functions are
precisely the 2”1 signed characters

+yp.

For 0,m™ with m > 3, one has W = [n]. Hence the only exact-integral Boolean functions are the
two constants.



6 Homogeneous lifts and coefficient alphabets

We now return to the standard 0, 1-encoding.
Let

F e Z[X(),. . -aXn]d

be a homogeneous integer form of degree d. We evaluate it on the Boolean cube by

x— F(l,zq,...,2,).

After reducing by the Boolean relations x? = z;, every such evaluation has a unique multilinear
representative

p(z) = Z asxg.

SC[n]

d
qS(d) = ( > )
5]
with the convention (f) =0if s >d.

A homogeneous monomial of degree d reduces to xg if and only if its positive variables among
X1,...,X, are precisely the variables indexed by S. The number of such monomials is gg(d). Thus
the homogeneous coefficients split into disjoint blocks indexed by S.

Let

For S C [n], let

ACZ

be an allowed coefficient alphabet. For g > 1, define the g-fold sumset

gA=a1+ - +aq:a; €A
Set

0A=0.

Theorem 6.1. Exact lift criterion for coefficient alphabets Let

p(z) = Z asrs

SC[n]

be an integer multilinear polynomial. There exists a homogeneous degree-d form

F e Z[Xo,. . .,Xn]d

with all coefficients in A, satisfying

F(1,z) = p(z) Vr € 0,1,

if and only if

10



ag € gs(d)A VS C[n].

If A is finite, the number of distinct integer-valued functions on the Boolean cube obtained in this

way is
<d> A
S

Proof. The coefficient ag is the sum of the homogeneous coefficients in the block indexed by S.
This block has cardinality

d

S|

If all homogeneous coefficients lie in A, then ag must lie in gg(d)A.

Conversely, if as € gs(d)A, then one can choose gg(d) elements of A whose sum is ag and
assign them to the block indexed by S. Since the blocks are disjoint, these choices can be made
independently for all .S. This constructs the required homogeneous lift.

If A is finite, the possible values of ag are exactly the elements of gs(d)A, and the choices for
distinct S are independent. Since the multilinear coefficients uniquely determine the function on
the Boolean cube, multiplication over all S gives the stated formula. [J

n (1)

Vad(A) = ] las(@)Al =]
]

SCln s=0

7 Universal exact lifts for coefficient alphabets
Let

g:0,1" = —1,1.

Its Boolean Mobius coefficients are

ps(g) =Y (1)1 Tlg(1r).

TCS

Here 17 € 0,1 is the indicator vector of T'.
For |S| = s, the value pug(g) is a sum of 2° signs. Conversely, because the values of g on the
points 1p, T C S, can be assigned arbitrarily, the set of possible values of pg(g) is exactly

My=-2%-2°42...,2° -2 2%
For s = 0, this is

My=-1,1.
Theorem 7.1. Universal alphabet criterion Every Boolean function

g:0,1" - —1,1

has an exact homogeneous degree-d lift with coefficients in A if and only if

11



Msg<d>A 0<s<n.
S

Proof. If every Boolean function has such a lift, then for any fixed S of size s, every possible value
of us(g) must belong to the block sumset gs(d)A = (‘j)A. Since the possible values are exactly M,
this gives necessity.

Conversely, assume

Msg<d>A 0<s<n.

S

Let g be arbitrary. For each S, u5(g) € M|g|, hence

d
ns(g) € <15|>A'

By Theorem 6.1, the multilinear polynomial representing g has a homogeneous degree-d lift with
coefficients in A. [J

8 0Odd alphabets and Lucas oscillations

Fix an odd integer

and consider the odd coefficient alphabet

A9 — _H —H+2 ... H—2H.
For ¢ > 1,

AW = 2 € Z: 2| < Hq, z=q (mod 2).

Indeed, a sum of ¢ odd integers is congruent to ¢ modulo 2, and every integer of that parity between
—Hgq and Hq can be obtained by changing summands in steps of 2.
For s > 1, all values in M, are even. Hence Theorem 7.1 implies two conditions:

e
S

and

for every 1 < s <mn.
Define

Q(n) = Qﬂog2(n+1)1’

the least power of 2 strictly larger than n.

12



Lemma 8.1. Parity of binomial blocks For an integer d > 0,

<d>50 (mod 2) V,1<s<n
s

if and only if
Q(n) | d.

Proof. By Lucas’ theorem modulo 2, (‘:) is odd if and only if every binary digit equal to 1 in s
occurs in a position where d also has binary digit 1.

Let 2! be the largest power of 2 dividing d, with the convention that ¢t = oo if d = 0. Then all
binary digits of d below position t are 0, and the digit in position ¢ is 1 if d # 0.

If 2t < n, take

s =2t

Then the binary support of s is contained in that of d, so ('j) is odd.

Conversely, if 2! > n, every integer 1 < s < n has some nonzero binary digit below position ¢,
where d has digit 0. Hence no such s has binary support contained in that of d, so (’;l) is even for
every 1 < s < n.

The condition 2! > n is equivalent to divisibility of d by the least power of 2 greater than n,

namely (Q(n)). O
Dy (n) = min{d >0: H(Z) > 2”} .

Define
The binomial coefficient is understood to be 0 if d < n, so Dg(n) > n.

Theorem 8.2. Universal degree for odd alphabets Let

A — g —H+2 ... H, H > 1 odd.

The least degree d such that every Boolean function on 0,1" has an exact homogeneous degree-d
lift with coefficients in A?}id is

DH(n)w

Dy oaa(n) = Q(n) [ Q)

Proof. By Theorem 7.1 and the description of qA‘}fld, universal exact representation is equivalent

to the following two conditions for every 1 < s < n:

e
(‘j) =0 (mod 2).

13
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The parity condition is equivalent to Q(n) | d by Lemma 8.1.
It remains to reduce the size inequalities to the single top inequality

H<d> =
n

28

@

For d > n, set
re =

For 0 < s < d,

Ts+1 i 2(8+1)

Ty d—s

This ratio is increasing in s, so (rs) is log-convex. Hence its maximum on 0 < s < n occurs at an
endpoint. Since rg = 1, and H > 1, the inequalities

H<d>225 (0<s<mn)

s
H<d> > o,
n

Thus the admissible degrees are precisely the multiples of (Q(n)) that are at least Dy (n). The
least such degree is

follow from

O

one has

where

If ¢~ 1 is the unique solution of

cloge — (¢ —1)log(c—1) =log?2,
then

14



Di(n) = ¢, + O(logn).

Consequently,

Di(n
lim inf +(n) = C4, lim sup
n—00 n n—oo

D4 (n)

= 2¢4.
More precisely, the set of subsequential limits of Dy (n)/n is the whole interval
[Cx, 2¢4].

Proof. The formula for Dy (n) is Theorem 8.2 with H = 1.
Let

= — +o(1).

Therefore

If g € (¢4, 2]), thelimitingvalueis(q).If(q € [1,c.), the limiting value is 2¢. Thus the possible limits
contain

[ex, 2] U [2, 2¢4] = e, 2¢4].

The endpoints are obtained by one-sided choices of ¢, tending to c,. [J

9 Typical exact ternary sparsity

Let

Gn:0,1" — —1,1
be uniformly random, with independent values.
For an exact ternary homogeneous lift, i.e. a lift with coefficients in
_17 07 17
the minimum number of nonzero homogeneous coefficients is, whenever the lift is feasible,
Sex1(9) = Y lus(g)l-
SCln]

Indeed, in the block S, a sum A = pg(g) requires at least (JA|) nonzero coefficients from —1,0, 1,
and this is achieved by using (]A|) coefficients equal to sgn(A), provided the block has size at least

(1A]-

15



More generally, for height H > 1, with coefficients in

[—H,HNZ

and sparsity cost equal to the number of nonzero homogeneous coefficients, the exact sparsity is

Yex,m7(9) = Z {W}_(,g)'-‘

SC[n]

whenever the required block capacities are available.
We compute this quantity for a random Boolean function.

Theorem 9.1. Typical exact sparsity For each fixed integer H > 1,

ZeX,H(Gn) = <.;I\/z + O}P’(l)> (1 + \/i)n

In particular,

Eex,l(C;’n) = (\/z_'_ OP(1)> (1 + \/i)n

Proof. First consider H = 1.
For |S| = s,

MS(Gn) = Z (_1)‘5‘_|T|Gn(1T)
TCS

is a sum of 2° independent Rademacher random variables. Let

Ry=¢e1+--+en

with independent Rademacher signs. Then

115(Gr) L Ros.

It is standard, by the central limit theorem and uniform integrability, that

E|Ry| = <ﬁ+ 0(1)> VN (N = ).

Elus(Gn)| = (ﬁ - o<1>) 2°/2

Thus

as § — 00.
Therefore

EEeXJ(Gn) - Z (TSL)E‘RQS|

Given € > 0, choose sg such that for all s > s,

16



E|Rys| /2

2s/2  \

The contribution of s < sg is polynomial in n, hence negligible compared with (1 + /2)". Conse-

quently
2 n
ES o1 (Gr) = <\f+ 0(1)> S (”) 95/2,
T = \s
Since
> <n> 2= (14 V)",
s=0 §
we have

EXey1(Gn) = <\/z + 0(1)> (1+V2)"

It remains to prove concentration. View

Z:ex,l(cgn) = Z |MS(GH)|
S

as a function of the 2" independent values G,,(17).
If one value G, (17) is changed, then pug changes only when 7' C S. The number of such S is

on=ITl,
Each affected |ug| changes by at most 2. Hence the total change is at most

ep=2-27"1T1

Thus

By McDiarmid’s bounded differences inequality,

2
P (|Sex1 (Gr) = ESex1(Gn)| > 1) < 2exp (-42“5n> .

Taking

u=-¢e(l+V2)"

gives an exponent of order

(1+v2)%\"
_ . _

Since

17



(14+v2)2=3+2V2>5,

this tends to —oo. Hence

T

EexJ(Gn) = ( + OP(1)> (1 + \/i)n

For general fixed H > 1,

Senar(Gn) = 3 [ L]

S
Thus

72‘:”'5' ‘<EexH <*Z|MS |+2n

Since

2" = o((1+V2)"),

the asserted formula follows from the H = 1 case. [J
Comparison with parity

For parity
PAR,(x) = (—1)x1+"'+z",
one has
lus(PAR n)| = 251,
Therefore

Sex, 1(PAR,) = Y 215 =3"
SCln]

Thus the typical exact ternary sparsity grows like

(1+v2)",

whereas the parity worst case grows like

3"

10 Local parity certificates on arbitrary faces

We record a useful local obstruction. It applies to threshold sign-representation by integer polyno-
mials with bounded multilinear coefficients.
Let

[n]=RUJUK.

Consider the face

18



F={zxe0,1":2;=1VjeJ, x,=0Vke K},
whose free coordinates are those in R. Let
r=|R|.
Suppose
g(z) = o(~1)2er™  (z € F),

where o € —1, 1.
Let

p(z) = Y asxs

SC[n]

be an integer multilinear polynomial sign-compatible with g on F:

g(x)p(z) >0 (x € F).

Assume coefficient bounds
‘CLS‘ < Bg.
Proposition 10.1. Local parity certificate Under the assumptions above,

Z BRuQ Z 21”.
QCJ

In the homogeneous height model, where

d
Bg=H ,
<\5\>

||
J d
= \a)\r+a
Proof. Restrict p to the face F. Variables in K become 0, variables in J become 1, and variables
in R remain free. The coefficient of the top monomial

HCR:H%

1€ER

this becomes

in the restricted polynomial is

AR = Z aRUQ.
QcJ

The restricted polynomial is integer-valued on 0, 17 and sign-represents parity on that r-dimensional
cube, up to a global sign. Let its values be

19



v(17) = o(=D)Tleyp, cr € L>1.
The top Mébius coefficient is

Ap= > (1) My(1r) =o(-1)" Y er.

TCR TCR
Therefore

|Agr| > 2".
On the other hand,

|Ar| = | arug| < Y larugl < D Brug-
QCJ QCJ QCJ

This proves the first claim.
If p arises from a homogeneous degree-d form of coefficient height at most H, then the coefficient
ag is a sum of (|g|) homogeneous coefficients, each of absolute value at most H. Hence

d
ag| < H .
ost <11 5

Substituting this into the first inequality gives

"o <R| : |@|> =2

QcJ

(1)

11 Scope and limitations

Grouping by ¢ = |Q| yields

O

The results above are exact statements about explicit integer presentation models.

They should not be interpreted as coordinate-invariant lower bounds for polynomial threshold
functions. The choice of Boolean encoding matters substantially:

In the 0, 1-encoding, the interpolation lattice is unimodular. In the —1,1-encoding, exact-
integral Boolean functions are only signed characters. In general two-point integer encodings,
denominator obstructions are governed by the gaps m; = b; — a;.

Similarly, the homogeneous lift model is an expanded monomial presentation. Its coefficient
height, alphabet, and sparsity are presentation costs, not intrinsic invariants of Boolean functions
under arbitrary coordinate changes.

The open threshold problem remains substantially harder than the exact interpolation problem.
For exact lifts, one controls the M&bius coefficients of the given Boolean function. For threshold
sign-representations, one may replace g by an arbitrary integer-valued function v with the same
sign pattern. This becomes a positive-cone rounding or discrepancy problem for the Boolean zeta
matrix and is not resolved by the lattice and alphabet methods developed here.

20



12 Summary of main formulas

For

QZHai,bz‘, m; = b; — a;, mS:Hmia
i i€s

the interpolating polynomial of f : Q — Z is

Py = Y S 1 - a).

SCin] ™S ies
The least denominator of Py is

mgs

Pl = Iemsen) odims, A7)

The universal Boolean denominator is

[T mi

Duniv(Q) = m

If

U:Z‘:mi:L V:i:m1':2, W:i:miZS,

then exact-integral Boolean functions are precisely

g(x7 Y, Z) = O-(x)yR(z)

Their number is

(2\V\+1)2|U| .

For homogeneous degree-d lifts in the 0, 1-encoding with coefficient alphabet A,

p(z) = Z asxs
S

has a lift if and only if

d
as € (S’)A vS.

Every Boolean function has such a lift if and only if

—28,—25+2,...,28g<
S

)A 0<s<n.
For odd alphabets

A — g —H+2,... H,

the universal degree is

21



DH(”)-‘ 7

Dy oaa(n) = Q(n) { Qo)

where

Q(n) = 2Mos2(n+1)]

Dpg(n) = min {d : H(Z) > 2”} .

For a uniformly random Boolean function,

Eex,H(Gn) = <;I\/z+ OP(1)> (1 + \/i)n

and
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