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Abstract

This note develops a height-theoretic accounting principle for algebraic normal forms.
A normal form becomes an explanation only after one specifies the gauge transformation,
or the degenerating gauge path, that connects it to the object being explained. For a
bihomogeneous normal-form map a : G X N --+ X, represented in projective coordinates
with bidegree (d¢,dn), the standard functoriality of heights gives

hx(a(g,n)) < dchc(g) + onhn(n) + O(1).

Thus a high-height object cannot be obtained from both a low-height normal form and a
low-height gauge.
The main result is the corresponding orbit-closure estimate. If

# = lim a(y(t),n)

for a homogeneous algebraic path v : P! — G of degree D and coefficient height h(7y),
then

hx(z) < dch(y) + dnhn(n) + Clog(D + 2) + C.

The logarithmic degree term records the coefficient growth created by substituting the
path into the fixed coordinate forms. Consequently, border or orbit-closure normal forms
carry arithmetic cost through the degenerating family.

The same estimates give a representative-moduli gap theorem: when a moduli class
has a height-controlled representative, the excess height of a concrete representative over
the moduli height is paid by the gauge or by the degeneration. Examples include di-
agonalization, projective normal forms, binary forms, rational maps on P!, and tensor
degenerations.

1 Introduction

Normal forms are among the basic tools of mathematical classification. A matrix is diagonal-
ized, a form is simplified by a projective change of variables, a rational map is conjugated to
a preferred representative, a tensor is compared with a low-rank model, and an orbit-closure
problem replaces equality by degeneration.

In each case there are three pieces of data:

(i) the object = being explained;
(ii) the normal form n;

(iii) the gauge g, or degenerating gauge path 7, that connects n to .



The arithmetic size of x cannot be read from n alone. It also depends on the coordinate
change or limiting family used to obtain x. This note makes that accounting precise with Weil
heights.

The orbit-level estimate is a direct consequence of the standard height inequality for mul-
tihomogeneous maps. If

x =a(g,n)

and the coordinate expression for a has bidegree (¢, dx), then
hx(x) < dgha(g) + onhn(n) + O(1).

The contrapositive is the useful reading: if x has large height and n has small height, the
gauge must have large height.

The orbit-closure version is the main object of the note. Suppose that x is reached as a
limit

z = lim a(y(t), n),

where v : P! — @ is a homogeneous algebraic path into a projective compactification of the
gauge space. Substituting ~ into the fixed coordinate forms of a gives a polynomial path in
X. The limit is obtained from the first nonzero coefficient vector after removing the common
vanishing order. This coefficient vector has height controlled by the coefficient height and
degree of . The resulting estimate is

hx(z) < dgh(y) + dnhn(n) + Clog(degy +2) + C.

Thus degenerations are part of the presentation. In border rank, geometric invariant the-
ory, arithmetic dynamics, and normal-form compilation, an orbit-closure explanation should
account for the normal form and for the limiting path.

2 Height Preliminaries

We work over Q. All heights are absolute logarithmic Weil heights induced by fixed projective
embeddings. If
P=zg: - :zyn] € PN(K),

where K is a number field containing the coordinates of P, then

1
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This is independent of the chosen field K and of homogeneous coordinates.

Lemma 2.1 (Height under homogeneous maps). Let F' = (Fy, ..., Far) be a tuple of homoge-
neous forms of degree d in projective variables on PN. Suppose that the forms do not vanish
simultaneously at P. Then

h([Fo(P) < -+ : Fy(P)]) < dh(P) + h(F) + C,

where h(F') is the height of the coefficient vector and C' depends only on the number of variables,
the number of forms, and d.

Proof. This is the standard functorial height estimate for morphisms given by homogeneous
forms. It follows by applying the product formula and bounding each local maximum of the
evaluated forms by the coefficient maximum times a fixed combinatorial factor. O



Lemma 2.2 (Height under multihomogeneous maps). Let F' = (Fy, ..., Far) be a tuple of mul-
tthomogeneous forms of multidegree (dy,...,d,) in r blocks of projective variables. Whenever
the tuple is defined at (P1,...,P;),

i=1
For a fixed multihomogeneous map, this becomes
i=1

Proof. Apply the preceding estimate to the Segre embedding of the product. The multidegree
records the degree in each block, and the coefficient height of the fixed map is absorbed into
the constant. O

Definition 2.3 (Height of a path). Let
v : Pt PT
be represented by homogeneous forms
v =[To(ST): - Th(S,T)]

of common degree D, with no common factor. The coefficient height h(~y) is the height of the
projective vector of all coefficients of all I';, and degy = D.

The definition is presentation-relative. A different parametrization of the same image
curve may have different height and degree. The estimates below charge the path as it is
presented.

3 Heighted Normal-Form Presentations

Definition 3.1 (Heighted normal-form presentation). A heighted normal-form presentation
is a tuple
P = (G7N7X7avavhN7hX)7

where G, N, X are projective varieties over Q, a : G x N --» X is a rational map, and
hag, hy, hx are heights induced by fixed projective embeddings.

The variety G is the gauge space, N is the normal-form space, and X is the object space.
A representation of x € X is a pair (g,n) such that

x =a(g,n).

The rational map is always understood on a declared domain of definition. If the map is
resolved or restricted to affine charts, those choices are part of the presentation.

Definition 3.2 (Normal-form cost). Assume that on the relevant domain the map a is repre-
sented by bihomogeneous coordinate forms of bidegree

(0G,0N)-
For a representation x = a(g,n), define

NFEp(x;9,n) = dgha(g) + onhn(n).



The minimal normal-form cost is

NFp(z) = inf (dgha(g) +dnhn(n)),

a(g;n)=a
with value 400 if no such representation exists.

Definition 3.3 (Degenerating normal-form cost). Fiz a projective compactification G of G.
A degenerating representation of x € X is a pair (v,n), where

v:P' =G
is a homogeneous algebraic path and

© = lim a(4(1), n)

exists in X. For a constant \ determined by the presentation, set

DNFp(z;7,n) = dch(7) + dnhn(n) + Alog(degy + 2).

4 No Free Normal Forms
Theorem 4.1 (No Free Normal Forms). Let
a:GxN--» X

be represented on its domain of definition by bihomogeneous coordinate forms of bidegree
(0c,0n). Then there is a constant Cy, depending only on the chosen presentation, such that
for all (g,n) in the domain,

hx(a(g,n)) < dcha(g) + onhn(n) + Co.
Consequently, if v = a(g,n), then
(5@hg(g) Z hx(.r) — (5NhN(TL) — Ca.

Proof. Choose projective coordinates for G, N, X. On the declared domain, write

a(g?n) = [Fo(gvn) s FM(Q?”)L

where the F; are bihomogeneous of bidegree (d¢,dx) and do not vanish simultaneously. The
multihomogeneous height estimate gives

hx(a(g,n)) < dcha(g) +dnhn(n) + h(F) + C.

The map a is fixed, so h(F) + C is absorbed into C,. The second inequality follows by
rearranging. ]

Corollary 4.2 (Low normal form forces high gauge). Assume x = a(g,n) and hy(n) < By.

Then
—dnBy - C,

el
In particular, a sequence x; with hx(x;) — 0o cannot be represented using both bounded-height
normal forms and bounded-height gauges.

ha(g) > "X0)

Proof. Substitute the bound hy(n) < By into the lower bound of Theorem 4.1. O



Corollary 4.3 (Bounded gauges and bounded normal forms). If
hG(g) SBGa hN(n) SBN’

then
hx(a(g,n)) < daBg + dnBn + C,.

Over a fized number field, and with degree bounded when working over Q, Northcott’s theorem
gives finiteness of the produced objects.

Proof. The height bound is Theorem 4.1. The finiteness statement is Northcott’s theorem in
its standard bounded-height and bounded-degree form. O

5 No Free Degenerating Normal Forms

The orbit-closure version charges the path that produces the limit.

Lemma 5.1 (Coefficient height after path substitution). Let F(U, V') be a fized bihomogeneous
form of bidegree (67, 0v), where U = (Uy,...,Uy) and V = (Vy,..., V). Let

(S, 7)

be homogeneous forms of common degree D, and let v € P*(Q). Set
Y(S,T)=F([(S,T),v).
Then Y is homogeneous of degree oy D in S, T, and
h(Y) < dph(T) + dvh(v) + Clog(D +2) + C,
where C' depends only on F,r,s,dy,dy.

Proof. Expand F as a finite sum of monomials. After substitution, each coefficient of Y is a
sum of products involving dy coefficients from the forms I';, §yy coordinates from v, and one
fixed coefficient of F'. For fixed F', the number of summands contributing to any coefficient is
bounded by a polynomial in D. Taking logarithms contributes O(log(D + 2)). The remaining
terms give the stated height contribution. O

Theorem 5.2 (No Free Degenerating Normal Forms). Let
a:GxN--+»X
be represented on its domain by bihomogeneous coordinate forms of bidegree (dc,dn). Let
v P! -G

be a homogeneous algebraic path of degree D and coefficient height h(v). Suppose n € N(Q)
and the limit

= lima(y(t),n)
exists in X. Then there is a constant C,, depending only on the chosen presentation, such

that
hx(z) < dgh(y) + onhn(n) + Cylog(D +2) + C,.

Consequently,
dch(v) + Colog(D +2) > hx(x) — dnhn(n) — C.



Proof. Write
v=1[To(S,T):---:T.(5,T)]

with each I'; homogeneous of degree D. Let

a(g,n) = [Fo(g,n) : FM(gvn)]

on the relevant domain, where the F; are bihomogeneous of bidegree (dg,dn).
For fixed n, define
}/]<Sv T) = Fj(’Y(Sv T)vn)'

By Lemma 5.1, the coefficient vector of the tuple
Y =Yo,....YM)

satisfies
hY) < dch(y) + dnhn(n) + Clog(D +2) + C.

Use an affine coordinate ¢ near 0 € P'. Let  be the minimal order of vanishing at ¢ = 0
among the nonzero functions Yj(t). After factoring t", write

Yj(t) = t"Z;(t).
The limiting point is

The coordinates Z;(0) are coefficients of the polynomials Y}, so the height of this coefficient
subvector is bounded by A(Y) + O(1). Combining this with the preceding coefficient estimate
gives

hx(xz) < och(y) + dnhn(n) + Cylog(D + 2) + C,.

Rearranging gives the lower bound. O

Corollary 5.3 (Low normal form forces high degeneration). Suppose

S

fhen h SxBy — Colog(D +2) - C.
h(y) > x(z) =N N_daog( +2) — a
G
Proof. Apply Theorem 5.2 and substitute the bounds on Ay (n) and deg~y. O

Remark 5.4 (Rational paths and indeterminacy). The clean statement uses homogeneous
polynomial paths into a projective compactification. If a degeneration is given by rational
functions, one first chooses homogeneous numerator-denominator data and charges that pre-
sentation. If the normal-form map has indeterminacy along the path, one either restricts to a
domain where the composition is defined or resolves the map and includes the chosen resolution
in the presentation. These choices affect only the constants and the declared path data.



6 Representative-Moduli Gap

Let
qg: X =M

be a quotient, moduli, or orbit-class map. A moduli point can have small height while a
particular representative has large height. A height-controlled normal-form section makes
this difference measurable.

Definition 6.1 (Height-controlled section). Let U C M be a locus and let
s:U --5 X5
be a rational section of q. It is height-controlled if there are constants As, Bs such that
hx(s(m)) < Ashpa(m) + Bs
for all m in the declared domain.

Theorem 6.2 (Representative-Moduli Gap). Let a : G x X --» X be the gauge action,
represented on the relevant domain by bihomogeneous forms of bidegree (dg,dx). Suppose
x € X%, q(x) €U, and

z = a(g, s(q(x))).
Then
hx(z) < dcha(g) + dxAsham(q(x)) + O(1).

Consequently,

() = dx Ashaala(x)) — O(1)

helq) >
alg) > 5o

Proof. Apply Theorem 4.1 to
z = a(g, s(q(x))).
This gives
hx(x) < dgha(g) + 0xhx(s(q(x))) + O(1).

The height-control hypothesis for s gives

hx(s(q(x))) < Ashm(q(x)) + Bs.
Substitution and rearrangement prove the theorem. O

Theorem 6.3 (Degenerating Representative-Moduli Gap). Under the same hypotheses, sup-

pose
x = lima(y(t), s(q(x))),

t—0

where v : P! — G is a homogeneous algebraic path of degree D. Then
hx(z) < dgh(y) + Clog(D + 2) + C'haq(q(x)) + C'.

FEquivalently,
dah(v) + Clog(D +2) > hx(x) — C'ham(q(x)) — C".

Proof. Apply Theorem 5.2 with normal form n = s(¢(z)), then use the height-control of s. [J

Remark 6.4. The existence of a height-controlled section is a genuine hypothesis. In moduli
problems it may hold only on a chart, on a stable locus, after choosing an atlas, or away from
special strata. The theorem is local in exactly that sense.



7 Controlled Transfer of Heighted Presentations

Heighted presentations can be compared by maps that preserve normal-form structure and
control heights.

Definition 7.1 (Controlled transfer). Let
P =(Gp,Np,Xp,ap,h¢p, hnp, hxp)

and
Q - (GQ7NQ7XQ7 aqQ, h’GQv hNQ7 hXQ)

be heighted normal-form presentations. A controlled transfer T : P — Q consists of rational
maps
Te : Gp --» G, Ty : Np --» N, Tx : Xp--+ Xgq,

such that
Tx(ap(g,n)) = aq(Tc(9), Tn(n))

on the relevant domain, and such that
hGQ (TG(Q)) < AGhGp (g) + B,
hng(Tn(n)) < Anhyp(n) + B
for constants Ag, An, B.

Theorem 7.2 (Transfer of normal-form cost). Assume T : P — Q is a controlled transfer
and that the gauge and normal-form weights in both presentations are positive. Then there
are constants A, B' such that

NF5(Tx(z)) < A NFh(z) + B'
for all x in the domain of the transfer.
Proof. Choose a representation © = ap(g,n). Then
Ty (x) = ag(Ta(g), Tn (n)).

Therefore
NF5(Tx (z)) < daohcq(Ta(g)) + onghng (Tn(n)).
Using height control,

NF*Q(T)((:L‘)) < 6GQAGhGP (g) + 5NQANth(n) + (6GQ + 5NQ)B-

Choose
A= max{(SGQAG, (SNQAN} .
oGp OINp
Then
NFo(Tx(2)) < A(0cphar(9) + onphnp(n)) + B
Taking the infimum over all representations of x gives the claim. O

Corollary 7.3 (Pullback of lower bounds). If
NF5(Tx(x)) > L,

then
L-B




Proof. This is the contrapositive of Theorem 7.2. O

Remark 7.4 (Degenerating transfer). The same argument applies to DNF* when the transfer
sends paths to paths and satisfies estimates of the form

h(Tg o) < Ayh(vy) + Bylog(degy +2) + B,

deg(Tg o) < C,degn.

The constants compose by affine distortion.

8 Examples
8.1 Diagonalization
Let
A € Mat,(Q)
be diagonalizable, and write
A=PDP!

with D diagonal. Use projective height on the vector of matrix entries.

Lemma 8.1 (Matrix multiplication and inversion). There is a constant Cy, such that
h(AB) < h(A) + h(B) + Cy,

whenever AB # 0, and
h(P™) < (n = 1)A(P) + C,
for all invertible P.

Proof. The entries of AB are bihomogeneous forms of bidegree (1,1) in the entries of A and
B. This gives the first estimate. Projectively, P! is represented by adj(P). Each entry of
adj(P) is a homogeneous form of degree n — 1 in the entries of P, which gives the second
estimate. O

Proposition 8.2 (No free diagonalization). If A = PDP~!, then
h(A) <nh(P)+ h(D) + C,.

Consequently,

h(A) — h(D) — C,

n

h(P) >
Proof. By the multiplication estimate,
h(PDP™) < h(P) 4 h(D) + h(P~1) 4 C,.
Using h(P~1) < (n — 1)h(P) + C,, gives the result. O

The diagonal matrix is the normal form and the eigenbasis is the gauge. A low-height
spectrum does not by itself imply a low-height matrix model.



8.2 Projective normal forms and binary forms

Let V' be an m-dimensional vector space and set
X =P(Sym?VY).
The group PGL(V') acts by change of variables. If
F'=g-N,

then the coefficients of F' are polynomial expressions of degree d in the entries of g and degree
1 in the coefficients of N. Hence

W(F) < dh(g) + h(N) + Opma(D).

In particular,
B(F) = h(N) = Opna(1)

h(g) > y :

For binary forms

d
F(X,Y)=> aX"Y"
i=0
this says that a high-height form cannot be transformed into a low-height normal form by a
low-height projective coordinate change. If

F=limy(t)- N,

then Theorem 5.2 gives
h(F) < dh(y) + h(N) + Cqlog(degy + 2) + Cy.

8.3 Rational maps on P!
Let Raty be the parameter space of degree-d rational maps

¢: Pt — P,
represented by pairs of homogeneous binary forms

¢ =|F:G]
with no common root. The group PGL2 acts by conjugation:

M =MtogpoM.

For fixed d, the coordinate expression for conjugation is polynomial in the entries of M, the
adjugate of M, and the coefficients of ¢. Hence there are constants Cy, cq > 0 such that

hRat, (M~ otp o M) < Cyhpar, (M) + hrat, (¥) + Cy.

Thus
hpcr, (M) > cihrat, (¢) — cahrat, (V) — Cq

whenever ¢ = M~ oo M.
Now let
My = Raty // PGLsy

10



be the moduli space. On a locus with a height-controlled section
s: My --+ Raty,
the representative-moduli gap gives

hpar, (M) > cghRrat, (@) — Caha, ([¢]) — Cq

when
6= M os(g]) o M.

The difference between a concrete model and its moduli point is paid by the conjugating
coordinate change.

8.4 Tensor degenerations

Let
TeARB®C

be a tensor over Q, and let
G = GL(A) x GL(B) x GL(C)
act by change of bases. For a fixed tensor format,
h(g-N) < Ch(g) + h(N)+ O(1).

If
T =limg(t)- N

t—0

and g(t) = y(t) has degree D, Theorem 5.2 gives
MT) < Ch(y) + h(N) + C"log(D +2) + C".

Thus a high-height tensor can have a low-height border normal form only when the degener-
ating family carries the corresponding arithmetic cost.

9 Presentation-Theoretic Reading

The paper can be summarized as a heighted normal-form module for presentation theory. A
normal-form explanation of x has the components

(n,g)  or  (n,7),

together with the declared coordinate systems and height functions. The cost is not assigned
to n alone. It is distributed among:

normal form height, gauge height,

degeneration height and degree, residual choices.

The orbit estimate and the orbit-closure estimate are conservation laws for this distribution.
They also interact naturally with controlled transfer: if two presentation systems are connected
by height-controlled maps, their normal-form costs are comparable up to affine distortion.

This is the arithmetic analogue of a coding principle. In a finite setting, if an object z is
specified by a presentation P, a law d, an observable o, and an index inside a residual fibre
R, then

K(z | t) < K(P)+ ld|p + lo|p + [log|RI] + O(log L),

where ¢t = o(x). The heighted theory replaces description length by arithmetic height and
replaces residual indexing by the cost of gauges and degenerating paths.

11



10 Hypotheses and Refinements

The estimates depend on the chosen projective embeddings. This is part of the presentation:
a height is a cost function attached to coordinates. Changing coordinates or embeddings
requires a controlled transfer theorem.

For rational maps, the formulas hold on declared domains of definition. Near indetermi-
nacy loci, one may resolve the rational map, work chartwise, or add local correction terms.
The resulting presentation includes the chosen resolution and its height constants.

For degenerations, homogeneous polynomial paths into a compactification give the clean-
est statement. Rational-function paths should be homogenized and charged by numerator-
denominator data. Cancellations are handled by taking the first nonzero coefficient vector
after the common vanishing order has been removed.

The inequalities are upper bounds that yield lower bounds by contraposition. Their con-
stants are not optimized here. In special settings, sharper local heights, canonical heights,
invariant heights, or stability-theoretic numerical functions may produce stronger estimates.
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