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Abstract

We study a class of finitely generated multiparameter persistence modules whose first
relation degrees form an antichain. Let R = k[x1, . . . , xd], with its standard Nd-grading.
Given incomparable degrees a1, . . . , ar, a finite-dimensional vector space V , and labelled
subspaces Li ⊂ V , define

ML = (R⊗k V )
/ r∑

i=1
xaiR⊗k Li.

The antichain condition makes the first relation blocks intrinsic: the construction gives a
fully faithful embedding of labelled subspace arrangements into graded R-modules. The
rank invariant, however, records only the active restriction of the span-rank function

πL(S) = dimk

∑
i∈S

Li

to the subsets Sb = {i : ai ≤ b} selected by the presentation skeleton. Thus rank-derived
invariants factor through an active polymatroid profile, while the presentation still contains
the full incidence geometry of the subspace arrangement. Rank-invariant fibres decompose
into locally closed presentation strata indexed by representable polymatroids extending the
same active profile. In rank one these strata are matroid realization spaces. For a diagonal
two-parameter antichain, the active subsets are intervals, so every projective realization
space of a loopless realizable matroid occurs as a locally closed presentation stratum inside
a single two-parameter rank-invariant fibre. In the coordinate r-parameter skeleton, rank-
invariant fibres are exactly realization strata of representable polymatroids. Finally, finite
quiver representation varieties embed into antichain presentation strata, transporting con-
trolled wildness, endomorphism-algebra phenomena, King moduli, and quiver Grassman-
nian universality into the presentation geometry of multiparameter persistence.

1 Introduction
The rank invariant is one of the basic computable invariants of multiparameter persistence. If

M =
⊕
b∈Nd

Mb

is a finitely generated Nd-graded module over

R = k[x1, . . . , xd],

then its rank invariant is

ρM (b, c) = rankk(Mb → Mc), b ≤ c.
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In one parameter this data is equivalent to the barcode. In several parameters there is no
analogous complete discrete invariant, and rank-derived invariants necessarily forget part of
the module.

This note isolates a concrete source of that loss of information. The examples are not
arbitrary wild modules. They are generated in degree zero and have first relation blocks
placed at pairwise incomparable degrees. Such modules are elementary enough that their rank
invariant can be written down explicitly, but rich enough to contain subspace arrangement
geometry, matroid realization spaces, and quiver representation varieties.

The organizing distinction is:

the presentation contains labelled incidence data,
the rank invariant records only selected span ranks.

The selected span ranks form an active polymatroid profile. This is standard linear-algebraic
data: it is the restriction of a representable polymatroid rank function to the subsets that
occur as active relation sets in the chosen presentation skeleton.

The point is not merely that multiparameter persistence is wild. The sharper statement
is that, already in small antichain presentation families, rank-derived invariants collapse the
passage

presentation incidence −→ full representable polymatroid −→ active polymatroid profile.

The first arrow forgets projective and incidence geometry while retaining all span ranks. The
second arrow forgets all span ranks outside the active range of the skeleton.

2 Antichain Presentation Modules
Fix a field k, and let

R = k[x1, . . . , xd]

with its standard Nd-grading. For b = (b1, . . . , bd), write

xb = xb1
1 · · ·xbd

d .

The partial order on Nd is coordinatewise:

b ≤ c ⇐⇒ bi ≤ ci for all i.

Definition 2.1 (Antichain presentation skeleton). An antichain presentation skeleton consists
of finite data

Σ = (V ; (a1,m1), . . . , (ar,mr)),

where V is a finite-dimensional k-vector space,

ai ∈ Nd \ {0}, 1 ≤ mi ≤ dimV,

and the degrees a1, . . . , ar are pairwise incomparable:

ai 6≤ aj for i 6= j.

Let
L = (L1, . . . , Lr), Li ∈ Gr(mi, V ),

be a labelled subspace arrangement of type (m1, . . . ,mr). Define

NL =
r∑

i=1
xaiR⊗k Li ⊆ R⊗k V
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and
ML = (R⊗k V )/NL.

Equivalently, ML has a first presentation
r⊕

i=1
R(−ai) ⊗k Li −→ R⊗k V −→ ML −→ 0,

where f ⊗ ` ∈ R(−ai) ⊗ Li is sent to
fxai ⊗ `.

This first presentation need not be a free resolution of length one. There may be higher
syzygies. The antichain condition controls only the minimal degree-zero generators and the
first relation blocks.

3 Fully Faithful Embedding
Let Arrr be the category of labelled subspace arrangements. An object is a pair

(V ;L1, . . . , Lr),

and a morphism
(V ; L) → (W ; K)

is a linear map
T : V → W

such that
T (Li) ⊆ Ki for every i.

The assignment
(V ; L) 7−→ ML

is functorial: a map T of arrangements induces R ⊗ V → R ⊗ W , sends NL into NK, and
therefore descends to ML → MK.

Theorem 3.1 (Fully faithful antichain embedding). Let a1, . . . , ar ∈ Nd \{0} be an antichain.
For labelled subspace arrangements (V ; L) and (W ; K), the natural map

HomArrr ((V ; L), (W ; K)) −→ HomR-gr(ML,MK)

is a bijection. Equivalently,

HomR-gr(ML,MK) ∼= {T : V → W : T (Li) ⊆ Ki for all i}.

Proof. Since all ai are nonzero, (ML)0 ∼= V . Since ML is generated in degree zero, every
graded R-module morphism

F : ML → MK

is determined by its degree-zero component T = F0 : V → W .
The map T descends if and only if the induced R-linear map R ⊗ V → R ⊗ W sends NL

into NK. If T (Li) ⊆ Ki for every i, then

xaiR⊗ T (Li) ⊆ xaiR⊗Ki ⊆ NK,

so T descends.
Conversely, assume T descends. Fix i and ` ∈ Li. Then xai ⊗ ` ∈ NL, hence

xai ⊗ T (`) ∈ (NK)ai .

In degree ai, the only relation blocks that can contribute are those with aj ≤ ai. Since the aj

form an antichain, this forces j = i. Therefore T (`) ∈ Ki. Thus T (Li) ⊆ Ki, as required.
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Corollary 3.2 (Isomorphism classification). Under the hypotheses of the theorem,

ML ' MK

if and only if there is a linear isomorphism g : V → W such that

g(Li) = Ki for every i.

For a fixed V , the natural unrigidified moduli stack of modules in this presentation family is[∏
i

Gr(mi, V )/GL(V )
]
.

The quotient by PGL(V ) describes the rigidified or coarse projective classification, not the
unrigidified module stack.

4 The Active Polymatroid Profile
For a subspace arrangement L = (L1, . . . , Lr) in V , define its span-rank function

πL : 2[r] → N

by
πL(S) = dimk

∑
i∈S

Li.

This is a representable polymatroid rank function.
For a presentation skeleton Σ = (a1, . . . , ar), define the active set at b ∈ Nd by

Sb = {i : ai ≤ b}.

The active range is
AΣ = {Sb : b ∈ Nd} ⊆ 2[r].

Definition 4.1 (Active polymatroid profile). The active polymatroid profile of L with respect
to Σ is the restriction

πL|AΣ .

Theorem 4.2 (Rank formula). Let ML be an antichain presentation module. For every
b ∈ Nd,

(ML)b
∼= V

/ ∑
i∈Sb

Li.

If b ≤ c, the structure map
(ML)b → (ML)c

is the quotient map
V/

∑
i∈Sb

Li −→ V/
∑
i∈Sc

Li.

Consequently,
ρML(b, c) = dimV − πL(Sc).

Thus, on this antichain presentation family, the rank invariant is determined by the active
polymatroid profile.
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Proof. The degree b part of R⊗ V is xb ⊗ V , canonically identified with V . The degree b part
of NL is the sum of the blocks xb ⊗ Li for which ai ≤ b. Therefore

(ML)b
∼= V/

∑
i∈Sb

Li.

If b ≤ c, multiplication by xc−b identifies the structure map with the quotient map from the
smaller active sum to the larger active sum. Since Sb ⊆ Sc, that quotient map is surjective,
and its rank is

dimV − dim
∑
i∈Sc

Li.

Corollary 4.3 (Rank-derived invariants). Any invariant that factors through the rank invari-
ant is constant on pairs of antichain presentation modules with the same active polymatroid
profile.

5 Rank-Fibre Strata
Fix V , dimensions mi, and a skeleton Σ. The presentation parameter space is

XΣ(V,m) =
r∏

i=1
Gr(mi, V ).

For any function π : 2[r] → N, define

Xπ = {L ∈ XΣ(V,m) : πL(S) = π(S) for every S ⊆ [r]}.

When nonempty, Xπ is a locally closed subspace-arrangement stratum. Indeed, conditions of
the form

dim
∑
i∈S

Li ≤ q

are closed rank conditions, and equality is obtained by subtracting adjacent closed conditions.
For a function σ : AΣ → N, define the skeletal rank fibre

Xσ = {L ∈ XΣ(V,m) : πL(A) = σ(A) for every A ∈ AΣ}.

Theorem 5.1 (Rank-fibre decomposition). The skeletal rank fibre decomposes as

Xσ =
⊔

π|AΣ =σ

Xπ,

where the union ranges over representable polymatroid rank functions arising from subspace
arrangements of type m in V .

Proof. Every arrangement L has a full span-rank function πL. By the rank formula, the rank
invariant of ML in the skeleton Σ depends exactly on πL|AΣ . Therefore the locus with fixed
active profile σ is the disjoint union of the loci with full profile π restricting to σ.

This separates three levels of information:

presentation incidence −→ full representable polymatroid −→ active polymatroid profile.

The rank invariant occupies the last level.
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6 Rank-One Arrangements and Matroid Realization Spaces
Assume mi = 1 for all i, so that

Li = kvi

is a labelled line in V . The span-rank function

S 7−→ dim
∑
i∈S

Li

is the rank function of the represented matroid on [r], after removing loops if necessary.

Theorem 6.1 (Matroid realization strata). Let M be a loopless matroid on [r] representable
over k. In the rank-one antichain presentation family, the locus of arrangements whose repre-
sented matroid is M is exactly the labelled realization stratum of M. Its image under L 7→ ML
is a locally closed presentation stratum of multiparameter persistence modules.

Proof. In rank one, specifying all values of πL(S) is the same as specifying the represented
matroid. The fully faithful embedding identifies isomorphisms of the associated modules with
linear isomorphisms carrying each labelled line to the corresponding labelled line. Passing to
a projective quotient gives the usual projective realization space.

Example 6.2 (Cross-ratio). For four labelled points on P1, the uniform matroid U2,4 fixes
all matroid ranks but not the cross-ratio. Thus the corresponding rank-derived data can be
constant while the presentation-incidence stratum varies in a one-parameter projective family.

7 Diagonal Two-Parameter Skeletons
Let d = 2 and choose the diagonal antichain

ai = (r − i, i− 1), i = 1, . . . , r.

For b = (p, q) ∈ N2, the active set is

Sb = {i : r − i ≤ p, i− 1 ≤ q}.

Equivalently,
Sb = [r − p, q + 1] ∩ [r],

with the convention that the interval may be empty.

Lemma 7.1 (Active sets are intervals). For the diagonal two-parameter skeleton, the active
subsets are exactly the intervals in [r], including the empty interval.

Proof. The inequalities r − i ≤ p and i− 1 ≤ q are equivalent to

i ≥ r − p, i ≤ q + 1.

Thus Sb is an interval. Conversely, every interval [u, v] ⊆ [r] is obtained by choosing p = r−u
and q = v − 1, with empty intervals obtained by incompatible choices.

Theorem 7.2 (Matroid strata inside two-parameter rank fibres). Let M be a loopless matroid
on [r] representable over k. In the rank-one diagonal two-parameter skeleton, the projective
realization space of M occurs as a locally closed presentation stratum inside a single rank-
invariant fibre.
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Proof. By the lemma, the rank invariant sees only interval values of the matroid rank function:

ρML(b, c) = dimV − rkM(Sc),

where Sc is the interval active at c. These interval ranks are fixed on the realization stratum
of M. Hence all presentations representing M lie in one rank-invariant fibre. The previous
theorem identifies the presentation stratum with the corresponding realization stratum.

Remark 7.3. This does not say that an entire two-parameter rank-invariant fibre is a matroid
realization space. The fibre may contain several locally closed strata, corresponding to different
polymatroids or matroids with the same interval-rank data.

8 Coordinate Skeletons and Inverse Obstructions
Now let d = r and choose

ai = ei, i = 1, . . . , r.

Then every subset S ⊆ [r] occurs as an active set: take

bS =
∑
i∈S

ei.

Theorem 8.1 (Exact polymatroid fibre theorem). In the coordinate r-parameter antichain
skeleton, the rank invariant of ML determines and is determined by the full representable
polymatroid

S 7−→ dim
∑
i∈S

Li.

Consequently, rank-invariant fibres in this fixed skeleton are exactly realization strata of repre-
sentable polymatroids. In rank one, they are exactly matroid realization strata.

Proof. Since every subset is active, the active polymatroid profile is the full span-rank function.
The rank formula gives

πL(S) = dimV − ρML(0, bS).

Thus the rank invariant and the full polymatroid determine one another.

This gives inverse obstructions for skeletal rank data. A candidate rank invariant in the
coordinate skeleton determines a candidate function

π(S) = dimV − ρ(0, bS).

If ρ is realized by such a module, then π must be a representable polymatroid rank function
over k. Hence every linear rank inequality valid for representable subspace arrangements over
k becomes a necessary condition for inverse realization of skeletal persistence rank data.

Corollary 8.2 (Computational lower bounds for inverse rank-realizability). Over R, the skele-
tal rank-fibre nonemptiness problem in the coordinate rank-one skeleton contains real matroid
representability. In formulations where real matroid representability is ∃R-complete, this in-
verse persistence problem is ∃R-hard.

Corollary 8.3 (Subspace-valued undecidability). If the common dimension c = dimLi is
allowed to vary, the coordinate skeletal inverse rank-fibre problem contains the undecidable
problem of matroid representability by c-arrangements. Thus no general decision procedure
exists in that level of generality.
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9 Finite Rank Windows
The preceding results concern complete rank data inside a fixed skeleton. A finite observable
is weaker: it queries only finitely many maps

Mu −→ Mv.

The antichain construction makes it possible to place relation data outside such a window.

Definition 9.1 (Finite rank window). A finite rank window is a finite set

Ω = {(uα, vα) : uα ≤ vα}α∈A

of rank queries. Its value on M is the finite tuple

Ω(M) =
(
ρM (uα, vα)

)
α∈A

.

Definition 9.2 (Invisible antichain). An antichain a1, . . . , am ∈ Nd is invisible to Ω if

ai 6≤ vα

for every i and every query target vα. Equivalently, no relation block is active at any target
degree appearing in Ω.

Lemma 9.3 (Invisible antichains). Assume d ≥ 2. For every finite rank window Ω and every
m, there exists an invisible antichain a1, . . . , am ∈ Nd.

Proof. Choose N larger than every coordinate appearing in every vα. Set

ai = (N + i,N +m− i, 0, . . . , 0), i = 1, . . . ,m.

These points form an antichain. Since the first two coordinates of each ai are larger than the
corresponding coordinates of every vα, no ai is bounded above by any vα.

Theorem 9.4 (Finite-window silent embeddings). Let d ≥ 2, let Ω be a finite rank win-
dow, and let C be a moduli problem admitting a fully faithful embedding into labelled subspace
arrangements

c 7−→ (V ;L1(c), . . . , Lm(c))

with fixed ambient dimension dimV . Then there is a fully faithful embedding

C ↪→ Nd-graded persistence modules

whose image has constant Ω-profile.

Proof. Choose an antichain invisible to Ω, and send c to the antichain presentation module
ML(c). Full faithfulness follows from the fully faithful antichain embedding theorem. For every
query (uα, vα) ∈ Ω, invisibility gives IA(vα) = ∅. Hence the rank formula gives

ρML(c)(uα, vα) = dimV

for every c. Thus Ω is constant on the embedded family.

Corollary 9.5 (Universal finite-window blindness). Every finite rank-query observable in at
least two parameters has fibres containing any moduli problem that embeds into labelled subspace
arrangements. In particular, finite rank windows can be made blind to matroid realization
spaces, quiver representation varieties, and matrix-pair similarity problems.
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10 Presentation Incidence
The rank invariant forgets incidence data. The antichain presentation itself recovers it.

Definition 10.1 (Presentation incidence). For an antichain presentation module ML, define

PInc(ML) = (M0;K1, . . . ,Kr) ,

where
Ki = ker(M0 → Mai).

Because the degrees ai form an antichain, no other relation block contributes in degree ai.
Therefore

Ki = Li.

Thus PInc recovers the labelled subspace arrangement.

Definition 10.2 (Presentation polymatroid). The presentation polymatroid of ML is

PPolyML(S) = dim
∑
i∈S

Ki.

The rank invariant recovers only the active restriction of this function:

ρML(b, c) = dimM0 − PPolyML(Sc).

Corollary 10.3 (Completeness on antichain presentation families). On a fixed antichain pre-
sentation family, presentation incidence is a complete structural invariant: two modules ML
and MK are isomorphic if and only if their presentation-incidence data are isomorphic as
labelled subspace arrangements.

11 Quiver Representation Geometry
The preceding construction also contains ordinary quiver representation geometry.

Let Q = (Q0, Q1) be a finite quiver and let X be a representation with vector spaces Xv

and arrow maps
φa : Xs(a) → Xt(a).

Set
VX =

⊕
v∈Q0

Xv.

Inside VX , record the coordinate subspaces

Cv = Xv

and, for each arrow a : u → v, the graph subspace

Γa = {x+ φa(x) : x ∈ Xu} ⊆ Cu ⊕ Cv ⊆ VX .

Proposition 11.1 (Quiver representations as subspace arrangements). The assignment

X 7−→ (VX ; {Cv}v∈Q0 , {Γa}a∈Q1)

is fully faithful from the category of representations of Q with fixed dimension vector into a
category of labelled subspace arrangements with fixed dimensions.
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Proof. A linear map preserving all coordinate subspaces decomposes as a direct sum

T =
⊕

v∈Q0

Tv.

Preserving the graph Γa for an arrow a : u → v is equivalent to

Tvφa = ψaTu,

which is precisely the condition for a morphism of quiver representations.

Composing this with the fully faithful antichain embedding gives:

Theorem 11.2 (Quiver representation embedding). For every finite quiver Q, every fixed
dimension vector, and every antichain with enough relation degrees to label the coordinate
and graph subspaces above, the corresponding quiver representation variety embeds as a locally
closed presentation stratum of finitely generated multiparameter persistence modules.

Consequences can be transported along this embedding. Wild quivers give controlled
wildness inside antichain presentation families. Bound quiver algebras give prescribed endo-
morphism algebras. King semistable loci and their GIT quotients become stability loci and
moduli spaces inside presentation strata. Quiver Grassmannians become presentation inci-
dence Grassmannians.

Remark 11.3. These are statements about presentation strata, not automatically about en-
tire rank-invariant fibres. Rank-derived invariants see only the active polymatroid profile of
the graph arrangement. The representation-theoretic geometry lives in the finer presentation-
incidence layer.

12 Universality and Scope
The matroid and quiver embeddings give several consequences.

(i) Mnëv-type universality for oriented matroid realization spaces gives semialgebraic univer-
sality inside locally closed presentation strata contained in two-parameter rank-invariant
fibres.

(ii) Scheme-theoretic incidence universality for points and lines gives Murphy-type behaviour
for presentation-incidence strata.

(iii) Reineke’s theorem that every projective variety is a quiver Grassmannian gives projective
universality for presentation-incidence Grassmannians.

(iv) Real matroid representability gives ∃R-hard inverse skeletal rank-realizability problems.

(v) c-arrangement representability gives undecidable inverse problems when the common
subspace dimension is allowed to vary.

The scope is precise. The objects here are algebraic multiparameter persistence modules,
equivalently finitely generated multigraded modules over polynomial rings. The antichain pre-
sentation modules have minimal degree-zero generators and minimal first relation blocks, but
may have higher syzygies. The two-parameter theorem produces locally closed presentation
strata inside rank-invariant fibres; it does not identify whole two-parameter fibres with matroid
realization spaces. The exact fibre theorem holds in the coordinate r-parameter skeleton. Fi-
nally, presentation incidence is a structural invariant; its stability properties are not addressed
here.
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