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Abstract
This note develops a finite presentation-theoretic format for Hecke eigensystem data. In

a finite Hecke laboratory, a computed eigensystem should not be recorded only as a list of
eigenvalues. It should also carry a declared window, a separating set of Hecke observables,
optional synthetic fingerprints, projector witnesses, negative ideal-membership witnesses
for absent candidates, residual fibres, and normalization conventions.

The main algebraic facts are elementary but useful. Selecting a minimum natural
Hecke fingerprint is a weighted set-cover problem on pairs of eigensystems. If a finite
set of commuting semisimple Hecke operators separates the eigensystems in a window, a
generic linear combination has simple spectrum on that window. Spectral interpolation
then gives idempotent projectors, while absent eigenvalue tuples are witnessed by finite
ideal-membership identities in the Hecke algebra. In non-semisimple or integral settings,
ordinary eigenvalues see only the semisimple quotient; nilpotent and congruence data must
be carried separately as residual structure.

The result is a proof-carrying record schema for finite Hecke data. It is intended as the
first component of a broader Presentation-Langlands layer: a way of saying exactly what
a computation observes, what it verifies, and what ambiguity remains.

1 Introduction
Computations with modular forms, automorphic forms, and arithmetic databases frequently
produce finite lists of Hecke eigenvalues. Such lists are often used as identifiers. The
presentation-theoretic question is more precise. Which finite data identify the object in the
declared window? What verifies that identification claim?

This note answers that question in the simplest setting: a finite-dimensional vector space
carrying a finite commutative algebra of computed Hecke operators. The point is not to
reprove multiplicity one or the theory of Hecke algebras. The point is to package a finite
computation so that its identification claim is auditable.

A mature Hecke record should contain:

(i) the finite window in which the claim is made;

(ii) the Hecke observables used to distinguish the objects;

(iii) the cost or budget attached to those observables;

(iv) positive verification data, such as projectors or interpolation identities;

(v) negative verification data excluding absent candidates;

(vi) a residual ledger describing equivalences or unresolved fibres;

(vii) normalization conventions.

This is a Presentation-Langlands viewpoint: Langlands data are treated not only as objects
and correspondences, but as presented, observed, verified, and transferred data.
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2 Finite Hecke laboratories
Definition 2.1 (Finite Hecke laboratory). A finite Hecke laboratory is a tuple

H = (M, A, T , W, ∼, N),

where M is a finite-dimensional vector space over a field k, A ⊆ Endk(M) is a finite commu-
tative k-algebra generated by a finite list

T = {T1, . . . , Tm},

W is the finite window of eigensystems or generalized eigensystems under consideration, ∼ is
the admissible equivalence relation in the window, and N records normalization conventions.

Typical equivalence relations include equality, Galois conjugacy, unramified twist, packet
equivalence, or equality after a declared quotient of the data. The normalization ledger N
records choices such as Hecke operator conventions, local reciprocity convention, measures,
local factors, and coefficient-field embeddings.

The coefficient field matters. The laboratory may be defined over a coefficient field k, over
a splitting field K/k, over an algebraic closure, or over an integral coefficient ring R with
fraction field K. The finite linear-algebra statements below are always made after declaring
the field in which eigenvalues are compared. Integral, congruence, and generalized-eigenspace
data are recorded separately from ordinary eigenvalues.

For a finite subset S ⊆ T , define the observation map

OS : W −→
∏

T ∈S

k, λ 7−→ (λ(T ))T ∈S .

The residual fibre of λ is

FS(λ) = {µ ∈ W : OS(µ) = OS(λ)}.

The residual ledger is
LedS(λ) = FS(λ)/ ∼ .

An identification claim is complete in the window only when

|LedS(λ)| = 1.

When this fails, the ledger is not an error; it is the mathematically honest statement of what
the chosen data do not see.

3 Natural fingerprints
Assume first that A is semisimple after scalar extension to a declared splitting field K, and
that the window consists of distinct eigensystems

λ1, . . . , λr.

For each operator Ti, define the set of pairs it separates:

Ci = {{a, b} : 1 ≤ a < b ≤ r, λa(Ti) 6= λb(Ti)}.

Let
U = {{a, b} : 1 ≤ a < b ≤ r}.
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Proposition 3.1 (Hecke fingerprint as set cover). A subset J ⊆ {1, . . . , m} separates the
eigensystems in the window if and only if∪

i∈J

Ci = U.

Consequently the problem of choosing a minimum-cost natural Hecke fingerprint is exactly a
weighted set-cover problem on the pair set U .

Proof. The operators indexed by J separate the eigensystems precisely when, for every pair
λa 6= λb, at least one Ti with i ∈ J has different eigenvalues on the two eigensystems. This is
exactly the condition that every pair {a, b} belongs to some Ci with i ∈ J . Adding weights
c(Ti) gives the weighted set-cover formulation.

This proposition is elementary, but it is operational. It turns the vague instruction “com-
pute enough Hecke operators” into a finite optimization problem with a declared universe of
pairs.

4 Synthetic fingerprints and projectors
Natural fingerprints use selected Hecke operators. Sometimes it is convenient to compress
them into one synthetic operator.

Proposition 4.1 (Generic simple fingerprint). Let T1, . . . , Tm be commuting semisimple op-
erators whose joint eigenvalue tuples distinguish λ1, . . . , λr over a declared splitting field. If
the coefficient field is infinite, then a Zariski-generic linear combination

Tfp =
m∑

i=1
ciTi

has distinct eigenvalues on λ1, . . . , λr. If the coefficient field is finite, the same statement holds
after extending scalars to a sufficiently large finite extension, or after choosing the coefficients
ci in an infinite coefficient field containing the eigenvalues.

Proof. For a pair a 6= b, the equality of the synthetic eigenvalues is∑
i

ciλa(Ti) =
∑

i

ciλb(Ti).

Since the joint eigenvalue tuples are distinct, this is a proper hyperplane in the coefficient
space. There are finitely many pairs, hence finitely many such hyperplanes. Any coefficient
vector outside their union gives distinct synthetic eigenvalues.

Suppose Tfp has distinct eigenvalues

θj = λj(Tfp).

Define the interpolation polynomial

Pj(x) =
∏
i 6=j

x − θi

θj − θi
.

Proposition 4.2 (Projector witnesses). In the semisimple window, over a coefficient field in
which all differences θj − θi are invertible,

Pj(Tfp)

is the projector onto the λj-eigenspace.
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Proof. The polynomial Pj satisfies Pj(θj) = 1 and Pj(θi) = 0 for i 6= j. Since Tfp acts
diagonally on the eigenspace decomposition, Pj(Tfp) is the identity on the λj-summand and
zero on the other summands.

Thus a proof-carrying record can store not only the values of a fingerprint, but an idem-
potent witness:

Pj(Tfp)2 = Pj(Tfp).

5 Negative witnesses
A finite Hecke record should also be able to exclude candidates. Let α = (α1, . . . , αm) be a
proposed eigensystem on the generators. Consider the ideal

Iα = (T1 − α1, . . . , Tm − αm) ⊆ A.

Proposition 5.1 (Finite Hecke Nullstellensatz witness). Assume A is a finite-dimensional
commutative semisimple algebra over an algebraically closed field. The candidate α is absent
from Spec A if and only if

1 ∈ Iα.

Equivalently, there exist polynomials or algebra elements Qi ∈ A such that

1 =
∑

i

Qi(Ti − αi).

Proof. In a finite reduced algebra over an algebraically closed field, maximal ideals correspond
to characters. The tuple α occurs precisely when the ideal generated by the Ti−αi is contained
in a maximal ideal. If no such character occurs, the ideal is contained in no maximal ideal,
hence it is the whole algebra. This is equivalent to the displayed identity.

The displayed identity is finite verification data. It can be checked by multiplication in
A, or by matrices representing the Ti. It is therefore a natural negative witness for a proof-
carrying Hecke record.

6 Non-semisimple residual data
Many arithmetic situations are not semisimple over the coefficient ring of interest. Torsion,
congruences, generalized eigenspaces, and integral structures can carry nilpotent information
invisible to ordinary eigenvalues.

Let A be a finite commutative algebra and let

r = rad(A).

The semisimple quotient is
Ass = A/r.

Ordinary eigenvalue data factor through Ass.

Proposition 6.1 (Semisimple quotient and nilpotent ledger). Every eigenvalue record for A
induces an eigenvalue record for Ass. The extra information required to recover the full finite
algebra from its semisimple quotient is residual nilpotent data, such as the radical filtration

r ⊇ r2 ⊇ · · · .
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Proof. Every character A → k̄ vanishes on the nilradical and hence factors through Ass.
Therefore ordinary eigenvalues depend only on the semisimple quotient. Any distinction
between two algebras, modules, or generalized eigenspaces with the same semisimple quotient
must be recorded by data not seen by characters, for instance radical filtrations, generalized
eigenspaces, Fitting ideals, extension groups, or other derived observables.

This is a residual ledger, not a defect of the method. It says exactly what the chosen
observables can and cannot prove.

6.1 Limits of semisimple records

A semisimple eigenvalue record proves only a statement about the semisimple quotient and
the declared finite window. Equal ordinary eigenvalues do not by themselves identify integral
structures, congruence modules, radical filtrations, or generalized eigenspaces. When such
data matter, the record must include additional entries such as Fitting ideals, radical-layer
dimensions, congruence modules, extension data, or generalized-eigenspace witnesses.

7 Proof-carrying Hecke records
Definition 7.1 (Proof-carrying Hecke record). A proof-carrying Hecke record for an eigen-
system λ in a finite laboratory is a tuple

HeckeRec(λ) = (M, A, W, S, Tfp, Pλ, W−, Led, N, Dform).

Here S is a natural fingerprint, Tfp is an optional synthetic fingerprint, Pλ is a positive
projector witness when available, W− is a family of negative witnesses excluding declared
absent candidates, Led is the residual ledger, N records normalizations, and Dform records the
expected level of machine or formal verification.

The record is valid in the declared window if the following checks pass:

(i) the window W and equivalence relation ∼ are declared;

(ii) the fingerprint S has the stated residual fibres;

(iii) projectors satisfy the required interpolation identities;

(iv) negative witnesses satisfy their ideal-membership identities;

(v) residual nilpotent, twist, packet, or Galois-orbit ledgers are explicitly stated;

(vi) all normalizations used to compare values are recorded.

Theorem 7.2 (Finite Hecke record theorem). In every finite semisimple Hecke laboratory
whose computed Hecke observables separate the declared window, each eigensystem admits
a proof-carrying Hecke record with a natural fingerprint, a synthetic fingerprint after a
generic linear combination over a suitable coefficient field, projector witnesses, negative
ideal-membership witnesses for the declared finite list of absent candidates, and a trivial
residual ledger modulo the declared equivalence.

Proof. The natural fingerprint is obtained by choosing a set cover on the pair set of the
window. The generic synthetic fingerprint and the projectors are given by the preceding
propositions. Negative witnesses are supplied by the finite Hecke Nullstellensatz proposition
for absent candidates. Since the chosen observables separate the window modulo the declared
equivalence, the residual ledger has one class for each identified object.
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8 Presentation-theoretic role
The construction isolates a reusable pattern:

finite window −→ observables −→ residual fibre −→ verification data.

It is not a replacement for automorphic theory. It is a disciplined layer on top of finite
computations and finite consequences of theory. It makes explicit when a list of eigenvalues
identifies an object, when it identifies only a quotient, and what additional data would be
needed to resolve the remaining fibre.

This record format is the starting point for the next applications: class-group tomography,
transfer audits, robust analytic verification, and proof-carrying links in arithmetic databases.
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