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Abstract

The first note on Presentation Theory introduced presentation systems, bounded parts,
realization fibres, observables, observable costs, and normal-form compilers. This sequel
develops the transfer calculus. A map between mathematical worlds is useful for Presenta-
tion Theory only when it controls access: descriptions, observables, operations, verification
data, and fibres. We package this structure as a transfer package.

The formal part proves reusable transfer principles. A presentation morphism sends
bounded source objects to bounded target objects with controlled overhead. Its opti-
mal distortion profile composes along paths. In effective filtered systems, equivalence
reductions transfer equivalence degrees, while bounded-presentation reductions transfer
bounded-presentation degrees; mere cost control gives only an upper bound and does
not by itself reflect low-cost representatives. Observable-compatible morphisms pull back
bounded observable images and distinguishing-cost lower bounds. Operation-compatible
morphisms transport term constructions. Base-fibre decompositions split complexity into
a base cost and a relative fibre cost when assembly and extraction are controlled. Ver-
ification relations transfer proof data in the directions supplied by the package. These
ingredients assemble into a controlled transfer schema for universal statements in a bud-
geted fragment.

The sequel then isolates several engines that recur across applications. Fragmented pos-
itive predicates have optimal resource profiles of the same Turing degree as the underlying
decision problem; their total majorants form exactly the upper Turing cone above that
problem, giving a no-effective-atlas principle for access tasks with undecidable positive
part. Finite-window systems turn undecidable global existence into non-computable ob-
struction radii. Undecidable threshold problems for computable limiting quantities forbid
computable convergence moduli. Move-connected presentation fibres have bridge-height
profiles of the same Turing degree as recognition of the fibre. Rank-profile compilers
transfer Murphy-type universality into fibres of observables. Wild-fibre compilers place
matrix-pair classification problems inside fixed observable fibres. A budgeted Morita prin-
ciple records when two presentation contexts have the same quantitative theory up to a
chosen overhead class.

The applications cover finite models, Diophantine equations, proof length, Dehn area,
cellular automata, grammar ambiguity, matrix mortality, Wang tilings, nonlocal games,
multiparameter persistence, rank-derived invariants, finite poset sheaves, quiver represen-
tations, finite group quotients, finite linear representations, Pachner moves, and Tietze
moves. The common point is that transfer turns qualitative universality and undecidabil-
ity results into quantitative statements about observable budgets and fibre geometry.

1 Purpose
Presentation Theory studies mathematical objects through access systems:

descriptions — objects.



A presentation system tells us which descriptions are allowed, how they realize objects, and
what they cost. Observables then extract information from objects, often with their own cost.
Realization maps and observable maps have fibres, and those fibres measure the information
forgotten by the chosen access system.

The first note developed this basic language. This note studies the next question:

when can a block of mathematics be transported from one presentation context to another?

A plain map of object classes is rarely enough. If one wants to transport lower bounds,
reconstruction statements, non-computability results, or fibre geometry, the map must control
descriptions, observables, operations, verification data, and fibres. The resulting object is a
transfer package.

The guiding principle is:

a map transports objects;

a transfer package transports access to objects.

2 Presentation Systems

We recall the basic objects, using notation compatible with the first note.

Definition 2.1 (Resource scale). A resource scale is a preordered set (B, <). Ezamples include
N, N*, R>o,

with the usual or coordinatewise orders. The scale records costs such as length, degree, height,
arity, number of gemerators, number of relations, circuilt size, proof length, or a wvector of
several resources.

Definition 2.2 (Overhead class). An overhead class H between resource scales is a collection
of monotone maps between resource scales, containing identities and closed under composition.
Typical choices are linear, polynomial, primitive recursive, computable, or arbitrary monotone
overheads.

Remark 2.3 (Admissible overheads). An overhead function is part of the declared comparison
data. It is not required to be optimal, but it must be compatible with the resource scales under
consideration and monotone with respect to their orders. In effective settings one usually re-
stricts to computable overheads; in quantitative complexity settings one may restrict further to
linear, polynomial, or primitive recursive overheads. The distortion profile records the possible
overheads for a given comparison, while a chosen function f records a specific upper bound.

Definition 2.4 (Presentation system). A presentation system on an object class X is a triple

I'=(D,p, k),
where D is a class of descriptions,
p:D—=>X
s a realization map, and
k:D—B

s a cost function.

If X is studied up to an equivalence relation =y, then p(d) = x means p(d) =x x.



Definition 2.5 (Bounded parts). For b € B, define
D=t = {d € D: k(d) < b}

and

X' ={reXx:3deD, p(d) =z, k(d) <b}.
When the infimum exists, the presentation complexity of x is
Cr(x) = inf{k(d) : p(d) = x}.

The filtration b XFSI’ is often more fundamental than the numerical complexity CT,
especially for vector-valued or partially ordered resource scales.

3 Observable Systems

Descriptions produce objects. Observables extract information from objects.

Definition 3.1 (Observable system). An observable system on X is a triple
O = (2 x R),

where ) is a class of observables
w:X — Ay,

X : Q — R is an observable-cost function, and R is a resource scale. For r € R, write
QS ={weQ:xw) <7}

Examples of observable cost include arity of a word-count invariant, size of a finite test
object, degree of a polynomial probe, rank of a linear representation, number of samples,
quantifier rank, or matrix dimension.

Definition 3.2 (Bounded observable image). Given a presentation system I' and an observable
w, define
Valp , (b) = w(X=") C A,

This is the set of observable values attained by objects with descriptions of cost at most b.

Proposition 3.3 (Bounded-image obstruction). Suppose S, C A, satisfies
Valr ,(b) C Sp.

If
w(x) ¢ Sbv

then = ¢ ng. In particular, when Cr is defined, Cr(z) £ b. In a totally ordered numerical
scale this may be written Cr(x) > b.

Proof. If x € Xrgb, then by definition z is in the bounded class. Applying w gives
w(z) € w(XEP) = Valp ,(b) C Sp.
The stated implication is the contrapositive. O
Definition 3.4 (Distinguishing cost). For z,z' € X, define
deo(z,2') = inf{x(w) : w(z) # w(z)}.

If no allowed observable distinguishes x and x', set dco(x,z") = co.



4 Presentation Contexts

A presentation system alone does not record all structures needed for transfer.
Definition 4.1 (Presentation context). A presentation context is a tuple
B=(X,T,9307FM),

where:

(i) X is an object class;

(ii) T'= (D, p,k) is a presentation system;

(iii) © = (2, x, R) is an observable system;

(iv) ¥ is a collection of operations or constructions on X;

(v) B is a verification layer, when proof data are part of the context;

(vi) § is a chosen structure on realization fibres;
(vii) M, when present, is a family of measures or densities on bounded classes.
Only the components actually supplied by a context are used.

Definition 4.2 (Verification relation). For a property P C X, a verification layer consists of
data
(IL A, Rp),

where 11 is a class of proof or verification data, A : Il — S is a cost, and
Rp(x,m)
1s a declared verification relation satisfying
Rp(z,m) = x € P.

The layer is complete on a subclass Py C P if every x € Py admits some m with Rp(x, 7). The
verification cost of x € P is

vp(x) = inf{\(7) : Rp(x,m)}.

If the displayed set is empty, vp(x) is interpreted as oo in the extended resource scale. All
overhead functions used with verification costs are understood to extend by h(co) = oo.

Definition 4.3 (Realization fibre). For I' = (D, p, k), the fibre over x € X is
Fo(z) ={d e D: p(d) = x}.

If a mowve system is specified on D, each fibre becomes a graph. Its geometry measures the cost
of moving between descriptions of the same object.



5 Presentation Morphisms

Definition 5.1 (Presentation morphism). Let

Ly = (Dx, px;kix)
and

L'y = (Dy, py, ky)
be presentation systems. A presentation morphism with overhead f is a pair

(F7ﬁ):ré\f—>ry7
where F' : X — Y is a map on objects and

ﬁ' : 'D,’y — Dy
is a compiler satisfying
py(F(d)) = F(px(d))

and

~

ry(F(d)) < f(ra(d)).
Here f is a monotone map from the source resource scale to the target resource scale.
Theorem 5.2 (Elementary transfer of bounded parts). If
(F,F): Ty =Ty
s a presentation morphism with overhead f, then
<b <f(b)
F(XF;() g yry :
Consequently,
Cry, (F(z)) < f(Cr, ()
whenever the displayed quantities are defined and either minimum costs are attained, or f is

compatible with the relevant infimum. In particular, the statement holds in the usual discrete
well-ordered cost scales.

Proof. Let z € XFS;’. Choose d € Dy such that
px(d) =z, kx(d) <b.
The compiler gives R
py(F(d)) = F(x)
and R
ry(F(d)) < f(rx(d)) < f(b).

Thus F(z) € yﬁ){(b).

For the complexity inequality in a discrete well-ordered scale, apply the first part to a
minimum-cost description of x. In the infimum formulation, the same conclusion follows
under the stated compatibility of f with the relevant infimum. O

Corollary 5.3 (Reflection of lower bounds). Assume a totally ordered numerical resource
scale, or read > below as “not <7 in the declared preorder. If

Cry, (F(x)) > f(b),

then
CFX (:C) > b.



6 Distortion Profiles

The declared overhead of a compiler need not be optimal.

Definition 6.1 (Distortion upper set). Let F' : X — Y be a map between object classes
equipped with presentation systems I' and A. Define

Distproa(b) = {c: F(AF") € V5.
When this upper set has a least element, write it as
|Flr-a(b).
Proposition 6.2 (Minimality). If F' is realized by a compiler with overhead f, then
f(b) € Distpra(b)
for every b. If the least element exists, then
[Flr—a(b) < f(b).
Proof. This is exactly the bounded-part transfer theorem. O
Theorem 6.3 (Composition of distortion). Let
xLy& z
be maps between presentation systems I', A, ©. If
c € Distpr_a(b)

and
d € Distg ae(c),

then
de DiStGoF’Fﬁ@(b)

In particular, when least elements exist,

|G o Flroe(b) < |Glase(|Flr-a(b)).

If F' and G are realized by compilers with overheads f and g, then G o F is realized by the
composed compiler with overhead g o f.

Proof. Take x € Xrgb. Since ¢ controls F',
F(z) € y§5.
Since d controls G on the c-bounded target class,
G(F(z)) € 25~

This proves the upper-set statement. The least-element inequality follows by substituting the
least available ¢ and then the least available d.
For compilers, define

GoF=GoF.
Then L
pz(G(F(d))) = G(F(px(d)))
and

(@)



7 Controlled Simulations

Definition 7.1 (Controlled simulation). A presentation context Px is simulated by Py with
overhead f if there exists a presentation morphism

FX — Fy
with overhead f.

Definition 7.2 (H-equivalence). Let H be an overhead class. Two presentation systems T’
and A are H-equivalent if there are presentation morphisms

F:T'— A G:A—=>T
with overheads in H, such that
G(F(z) =z,  F(G) =y
on the relevant object classes, or up to declared controlled fibre data.

Theorem 7.3 (Coarse invariance). If I' and A are H-equivalent through maps F,G with
overheads f,qg € H, then the corresponding complexity functions compare through f and g. In
particular, growth properties stable under H-distortion are preserved.

Proof. The bounded-part transfer theorem gives
Ca(F(z)) < f(Cr(z))

and
Cr(G(y)) < 9(Cay))-
If G(F(z)) = x, then
Cr(z) = Cr(G(F(2))) < g(Ca(F(2))).

Thus Cr is controlled by Ca o F', and the reverse comparison is analogous. ]

8 Effective Reductions of Filtered Systems

The preceding definitions control bounded images. In computability questions one often needs
a stronger, reflected comparison between the actual decision problems attached to two filtered
systems.
Let
I'= (DF7RF7(E15I‘)) and A= (DAaKvAa(EtA))

be filtered effective presentation systems in the sense of Part I.
Definition 8.1 (Equivalence reduction). A computable map
F:Dr — Da
s an equivalence reduction if, for all d,e € Dr,
dEYe <= F(d)E”F(e).

Proposition 8.2 (Transfer of equivalence degree). If there is an equivalence reduction F' :
I' = A, then
EQr <, EQAa.
In particular,
degr(EQr) < degy(EQa).



Proof. Map the input pair (d,e) to (F(d), F(e)). The defining equivalence of an equivalence
reduction says exactly that this many-one reduction preserves and reflects membership in the
equivalence problem. ]

Definition 8.3 (Bounded-presentation reduction). A bounded-presentation reduction from T’
to A is a pair (F,¢), where F': Dp — D and

p:Dr xN—N
are computable, such that for every d € Dr and every b € N,
Cr(d) <b <= Ca(F(d)) < ¢(d,b).

Proposition 8.4 (Transfer of bounded-presentation degree). If (F, ) is a bounded-presentation
reduction from I’ to A, then
PF <m PA-

In particular,
degp(Pr) < degp(Pa).
Proof. The computable map
(d,b) — (F(d), ¢(d, b))
preserves and reflects membership in the bounded-presentation problem by definition. O
Remark 8.5 (Cost control is one-sided). A computable map F : Dp — Da may satisfy an

upper bound
ka(F(d)) < a(kr(d), |d])

for a computable overhead a. This proves that images of cheap source descriptions are cheap
in the target. It does not prove that every cheap representative of F(d) in the target reflects to
a cheap representative of d in the source. For degree monotonicity of bounded presentation, the
reflected condition in the definition of bounded-presentation reduction is the relevant hypothesis.

Proposition 8.6 (Pullback of effective invariant separation). Let F': Dr — Da be an equiv-
alence reduction, and let J = (J,) be an effective invariant family for A. Then

F*J = (JooF)

s an effective invariant family for I'. If J separates non-equivalent target pairs up to a budget
s, then F*J separates the corresponding source pairs up to the same invariant budget.

Proof. Effectivity is preserved by composition with the computable map F. If d E'e, then
F(d) EAF(e), so each J, o F is constant on E'-classes. If a target invariant separates F(d)
and F(e), then its pullback separates d and e. O

9 Observable-Compatible Transfer

Presentation morphisms control descriptions. To transport lower bounds and indistinguisha-
bility results, one must also control observables.

Definition 9.1 (Observable-compatible morphism). Let F': X — Y be a map between object
classes equipped with observable systems



We say that F' is observable-compatible with overhead g if every target observable
neQy

pulls back to a source observable
F*n=noF € Qy
and
xx (F*n) < g(xy(n))-

Theorem 9.2 (Observable image transfer). Suppose F': T'xy — I'y is a presentation morphism
with overhead f, and let ) be a target observable. Then

<f(b
(no F)(X:) € (V™).
Equivalently,
Valp, nor(b) € Valpy, »(f(b)).
If F is observable-compatible, the pulled-back observable has cost controlled by g.

Proof. By bounded-part transfer,
F(.)C'Sb) C yﬁf(b).

Ty =
Applying n gives the inclusion. Observable compatibility supplies the cost bound for the
pulled-back observable. ]

Corollary 9.3 (Pullback of bounded-image obstructions). Suppose
n(V5y) € Se.
Then

(no F)(erj) C St
Hence
n(F(x) ¢ Sy = @ ¢ A7
Proposition 9.4 (Distinguishing-cost transfer). Assume F is observable-compatible with over-

head g. If a target observable n of cost r distinguishes F(x) and F(x'), then a source observable
of cost at most g(r) distinguishes x and x'. In well-ordered cost scales, this gives

dex(w,2') < g(dey(F(x), F(a'))).
Proof. 1f n(F(z)) # n(F(z")), then

(no F)(z) # (no F)(a').
Observable compatibility says that no F' is allowed in the source at cost at most g(r). Taking
the least distinguishing cost gives the displayed inequality when minima exist. O

Definition 9.5 (Observable density). Let C C X. A map F : X — ) is observable-dense on
C with overhead h if every source observable

wE Q;f
factors on C as
w=aonol,
where
ne Q;h(r)

and a is a post-processing map whose cost is either free by convention or separately accounted

for.



Theorem 9.6 (Blindness transfer). Assume F is observable-dense on C with overhead h. If no
target observable of cost at most h(r) distinguishes F(x) from F(x'), then no source observable
of cost at most r distinguishes x from ', for x,x’ € C.

Proof. Suppose a source observable w € Q/%r distinguishes x and z’. By observable density,
w=aonolk
on C, with n € Q;hm. Since a is a function, w(x) # w(a’) implies
n(F(x)) # n(F(z)).

This contradicts the assumed target indistinguishability. O

10 Operations and Term Transfer

Many statements involve operations, not just individual objects.

Definition 10.1 (Operational presentation context). Let ¥ be a signature of operations. A
presentation context is Y-operational if each operation o € X, of arity n, is realized by a map

oy : X" = X

and by a description-level compiler
oc:D"—1D

with overhead
H(a-(dlv s 7dn)) < ao’("i(dl)a R H(dn))

Definition 10.2 (Operation-compatible morphism). A presentation morphism F : X — Y is
Yi-compatible if, for every o € ¥,

Flox(x1,...,2p)) = oy(F(x1),...,F(x,)),
possibly modulo a declared fibre equivalence.

Theorem 10.3 (Term transfer). Let ¢t be a term built from operations in X. If F is -
compatible and all operations have controlled overhead, then there is a recursively defined
overhead oy such that

Cy(F(tX(xla s 7xn))) < O[t(CX(Q?l), ceey CX(xn))

Proof. Induct on the syntax tree of ¢. If ¢ is a variable, the claim is the bounded-part transfer
inequality for F. If

t=o(tr,... tm),
then the induction hypothesis controls the costs of the transferred subterms

F(ti(l'l, e ,l‘n))
Operation compatibility identifies

F(Ux(tl, e ,tm))

with
oy(F(t1),..., F(tm)).

The operation overhead o, then gives the recursive bound for . O

10



11 Base-Fibre Decompositions

Useful maps often lose information. Their value lies in making the lost information measurable.

Definition 11.1 (Relative presentation over a map). Let
q: X — ).

A relative presentation theory for the fibres of q assigns to each y € Y a class Hy of relative
descriptions, a relative realization map

ot Hy = g7 (),

and a relative cost
1.
n;e : Hy = Brel-

The relative complexity is denoted

Cra(z | g(7)).

Definition 11.2 (Controlled assembly). The map q has controlled assembly with overhead A
if there is an assembly procedure
Asm(e, h) € Dy

defined whenever e is a description of y € Y and h € H,, such that
pax(Asmie, b)) = o' (h)

and

kx(Asm(e, h)) < A(rky(e), Kzel(h)).

Theorem 11.3 (Upper base-fibre bound). If ¢ has controlled assembly and either the relevant
minimum costs are attained or A is compatible with the corresponding infima, then

Cx(x) < A(Cy(q(x)), Cra( | ¢(x)))-

Proof. Choose a description e of ¢(z) and a relative description h of x over ¢(z). Applying
the assembly procedure gives a description of & with cost at most

Alky(e), wyig) (h).

Taking infima over the two input descriptions gives the displayed bound, whenever the infima
are attained or the overhead A is compatible with the relevant infima. In the usual discrete
cost scales this is the same argument with minimum-cost descriptions. O

Definition 11.4 (Controlled extraction). The map q has controlled extraction if every de-
scription d € Dy of an object x yields:

(i) a description Base(d) of q(x) satisfying
ry(Base(d)) < a(kx(d));
(ii) a relative description Rel(d) € Hy(y) of x satisfying

/ﬁff(lx) (Rel(d)) < r(kx(d)).

11



Theorem 11.5 (Lower base-fibre bounds). If ¢ has controlled extraction and either the rele-
vant minimum costs are attained or the overheads a and r are compatible with the corresponding
infima, then

Cy(q(v)) < a(Cx(z))

and
Crel(x | Q(x)) < T(CX('T))
Consequently,
Cy(q(z)) £ a(b) = Cx(z) £,
and

Cra(z | q(x)) £ r(b) = Cx(z) £ b.

In totally ordered numerical scales the last two implications may be written with >.

Proof. In the minimum-cost case, apply extraction to a minimum-cost description of . The
extracted base and relative descriptions have costs controlled by a and r, giving the two
upper bounds. The infimum version follows under the stated compatibility assumptions. The
displayed implications are contrapositives. ]

Corollary 11.6 (Coarse base-fibre decomposition). If both assembly and extraction are con-
trolled in an overhead class H, and the relevant minimum or infimum hypotheses above hold,
then Cx(x) is equivalent, up to H-distortion, to the joint data of Cy(q(x)) and Cie(z | ¢(z)).

12 Verification Transfer

Proof data often move along reductions. The direction matters.

Definition 12.1 (Verification pullback). Let F': X — Y. A verification pullback from a target
property Py to a source property Py is a procedure

Ty = Ty

such that
Ry(F(z),my) = Rx(z,7x)

and
Ax(mx) < h(Ay(my)).

Definition 12.2 (Verification pushforward). A wverification pushforward is a procedure
TX = Ty
such that
Rx(z,mx) = Ry(F(z),my)

and
Ay(my) < p(Ax(ma)).

Theorem 12.3 (Upper transfer for verification cost). If a verification pullback exists with
overhead h, then, in the extended resource scale and under the usual minimum or infimum-
compatibility hypotheses,

vpy () < h(vpy, (F(2))).

12



Proof. If F(z) has no target verification data, then vp,(F(r)) = oo and the inequality is
vacuous after extending h(co) = co. Otherwise pull back arbitrary target verification data for
F(x) and use the overhead bound. Taking the infimum over target data gives the inequality
whenever the infimum operation is compatible with h; in discrete cost scales this follows by
taking minimum-cost data. O

Theorem 12.4 (Lower transfer for verification cost). If a verification pushforward exists with
overhead p, then, in the extended resource scale and under the usual minimum or infimum-
compatibility hypotheses,

vpy, (F(2)) < p(opy (@)).
Hence
vpy (F(x)) £ p(s) = vpy(2) £ 5.

In totally ordered numerical scales the last implication may be written with >.

Proof. 1f = has no source verification data, then vp, (x) = co and the first inequality is vacuous
after extending p(co) = co. Otherwise push forward arbitrary source verification data and
use the overhead bound. Taking infima gives the inequality whenever the infimum operation
is compatible with p; in discrete cost scales this follows from minimum-cost data. The lower-
bound statement is the contrapositive. ]

13 Transfer Packages

Definition 13.1 (Transfer package). Let By and Py be presentation contexts. A transfer
package

T:Pax — Py

consists of some or all of the following compatible data:
(i) an object map F : X — Y;
(ii) a description compiler F : Dy — Dy;
(117) a presentation overhead fpres;
(iv) an observable pullback F* : Qy — Qx;
(v) an observable overhead fops;
(vi) operation-compatibility data;
(vii) verification-transfer data;
(viii) fibre-control data;
(ix) optional measure-distortion data.
The package is rich exactly on the layers for which these data are supplied.

Definition 13.2 (Overhead vector). The overhead vector of a transfer package is

fT = (fpresa fob37 fop’ fveru fﬁb7 fmeas);

with components interpreted only when the corresponding layer is present.

13



Theorem 13.3 (Composition of transfer packages). If

‘E:mxémy

and
S: Py = Pz

are transfer packages, then their composition

GoT:Px = Pz

is a transfer package on every layer controlled by both. The overheads compose componentwise.

Proof. The object maps and description compilers compose by the distortion theorem. Ob-
servable pullbacks compose contravariantly:

(F*oG*)(#) =F*(0oG)=00GoF.

Operation compatibility is obtained by pasting the operation diagrams. Verification-transfer
maps compose in their declared directions. Fibre and measure controls compose by applying
the corresponding bounds successively. O

Remark 13.4 (Operational sheet for a transfer package). For applications it is useful to
record a transfer package in a fived order:

source context, target context, compiler,

target observables, observable pullback, wverification data,
fibre map, mowves in fibres, overhead vector,
statement to be transported.

The atlas of transfer packages is an erpanded catalogue of such sheets. The theorem above
explains why sheets can be composed; the controlled transfer schema below explains which
logical statements are preserved by a completed sheet.

14 Budgeted Theorem Logic

To say that a transfer package transports a theorem, one must specify which statements are
allowed.

Definition 14.1 (Budgeted fragment). The budgeted fragment associated to a presentation
context is generated by atoms of the following forms:

z e X<, w(z) €S, w(z) = w(2),
R(z,m), A7) < p, x=t(x1,...,Tpn), r=a,
using Boolean operations and bounded quantifiers such as
Vee XSt Frexst vwe QS I AMr) < p.

Definition 14.2 (Interpretable formula). A formula in the budgeted fragment of Py is inter-
pretable by a transfer package

T:Px = Py

if every atom and bounded quantifier appearing in the formula is supported by the corresponding
layer of X.

14



For example, formulas involving bounded objects require presentation overhead; formulas
involving observables require observable pullback; formulas involving verification data require
verification transfer; target existential quantifiers require a controlled lifting or section; classi-
fication statements require reflection or fibre data.

The next statement is a theorem schema. Once a concrete budgeted language and its
translation rules have been fixed, it becomes an ordinary induction on formulas.

Theorem 14.3 (Controlled transfer schema). Let

T:Px = Py

be a transfer package. Every universal theorem in the interpretable budgeted fragment of Py
pulls back to a theorem in Py, with resource bounds transformed by the overhead vector of X.
In particular, if

Vy e Y=¢ dy(y)
holds in the target and fpres(b) < ¢, then

Ve e XSP oy (F(z))
holds in the source. If additionally
Dy (F(z)) = Px(x)

is part of the transfer data, then
Vo€ X< Dy(x).

Proof. The proof is by induction on formulas. For the atom y € Y<¢, bounded-part transfer
gives
e XSh fores(b) < ¢ = F(z) € y=e,

For observable atoms, replace a target observable n by the pulled-back observable n o F,
with cost controlled by fons. For verification atoms, use the supplied verification pullback or
pushforward, depending on the direction required by the statement. For operation atoms, use
operation compatibility and term transfer. Equality or equivalence atoms transfer only when
the package supplies the necessary reflection or fibre-control data.

Boolean connectives are immediate. Bounded universal quantifiers pull back because
bounded source objects map into bounded target objects. Bounded existential quantifiers
pull back only when the package includes controlled lifting data; this is precisely why inter-
pretability is part of the hypothesis. The displayed universal statement is the special case
with one bounded universal quantifier. O

Remark 14.4 (No free transport). The metatheorem does not say that every statement trans-
fers. Ezistential target statements do not pull back without sections. Classifications do not
transfer through lossy maps without fibre control. Verification-cost statements do not trans-
fer without verification maps. Observable lower bounds do mot transfer without observable
compatibility.

15 Fragmented Positive Budgets

Many non-computability results in presentation theory have the same formal shape. A positive
property is semidecidable by searching through bounded fragments. Each bounded fragment
is decidable, but the optimal bound needed on positive inputs is not computably controlled.

15



Definition 15.1 (Fragmented positive predicate). Let P C ¥* be a semidecidable predicate.
A decidable fragmentation of P is an increasing family

Py C Py C Py C -

such that
P=J P
reN

and membership in P<, is decidable uniformly in r.
For x € P, define the positive width

wp(z) =min{r: x € P<,}.
The associated profile is
Wp(n) = max{wp(z) : x € P, |z| <n},
with Wp(n) = 0 if the mazimum is taken over the empty set.

Theorem 15.2 (Positive-fragment equivalence). For every decidably fragmented positive pred-
icate,
WP =T P.

In particular, if P is undecidable, then Wp has no computable majorant.

Proof. Assume first that an oracle for Wp is available. On input z, compute
N = Wp(Jz).
Because P<y is decidable, check whether
x € Pop.

If yes, then x € P. If no, then « ¢ P: indeed, if z € P, then by definition of Wp(|z|) every
positive input of length at most |z|, including z, lies in P<yy,(|5)). Hence P <1 Wp.

Conversely, assume an oracle for P. To compute Wp(n), enumerate the finite set of words
x € ¥* with |x| < n. Use the oracle to retain exactly those lying in P. For each retained word,
search over r = 0,1,2,... until the decidable test for P<, accepts. This search terminates
because the word lies in P. Taking the maximum of the resulting finite list gives Wp(n).
Thus WP ST P.

If a computable function g satisfied Wp(n) < g(n) for all n, the first reduction would
decide P by replacing Wp(|z|) with g(]z|). Therefore an undecidable P admits no computable
majorant for Wp. O

Remark 15.3. Finite-quotient search, bounded proof search, bounded normal-form search,
and bounded move search are all instances of this template when the positive instances are
erhausted by decidable bounded fragments.

16 Fragmented Width Profiles and Effective Atlases

The previous theorem identifies the exact degree of the optimal positive width profile. Two
refinements are often more useful in applications. First, any total upper bound for the width
profile already computes the underlying positive predicate. Second, this gives a precise ob-
struction to effective atlases for access tasks.
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Definition 16.1 (Majorant degrees). For a fragmented positive predicate P = J, P<,, let
MajDeg(Vp)
be the set of Turing degrees of total functions

G:N—N

such that
Wp(n) < G(n) for every n.

Theorem 16.2 (Majorant-cone theorem). For every decidably fragmented positive predicate
P,
MajDeg(Wp) = {a : degp(P) < a}.

Proof. Let G be a total majorant of Wp. Given oracle access to GG, decide P on input = by
testing the decidable condition
T € P<G(fa))-

If x € P, then wp(x) < Wp(|z]) < G(|z]), so the test accepts. If the test accepts, soundness
of the fragments gives x € P. Hence every majorant computes P.

Conversely, if a degree a computes P, then it computes Wp by the positive-fragment
equivalence. This gives at least one majorant,

G(n) =Wp(n)

of degree at most a. To realize exactly a, choose a total function g of degree a. Since Wp <r g,
define
H(n) = 2" (2g(n) 4 1).

Then H is a total majorant of Wp and H <p g. Conversely Wp(n) is the 2-adic valuation of
H(n), and then
H(n)/2Wr() 1
5 .
Thus g <7 H, so H has degree a. The majorant degrees are precisely the upper cone above

degT(P) OJ

Definition 16.3 (Effective access atlas). Let P = |J, P<, be a fragmented positive predi-
cate. An effective access atlas for P is a computable system of local procedures, normal forms,
coordinates, or search charts together with a computable total overhead function

g(n) =

G:N—>N
such that every positive input x € P satisfies
T € P<G(fa))-
FEquivalently, the atlas supplies a computable total majorant for Wp.

Theorem 16.4 (No effective atlas criterion). If P is undecidable, then P admits no effective
access atlas. More generally, any oracle that computes the total overhead of such an atlas
computes P.

Proof. The overhead function of an effective access atlas is a total majorant of Wp. By
the majorant-cone theorem, every such majorant computes P. Therefore a computable atlas
overhead would decide P, contradicting undecidability. O
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Remark 16.5. This is stronger than the absence of a computable classifier. It rules out any
computable coordinate system that solves the declared access task with computable overhead:
bounded observable refinement, bounded normal-form search, bounded fibre navigation, bounded
proof degree, bounded finite quotient search, bounded model search, or bounded obstruction
radius.

Definition 16.6 (Cost-bounded reduction of fragmented predicates). Let P C X and Q@ CY
be fragmented positive predicates on effectively encoded classes. A cost-bounded reduction from

P to Q is a computable map
P XY

and a computable nondecreasing overhead

a:N—N
such that
reP = &ox)eqQ
and
@ (2)] < a|z])
forallx € X.

Definition 16.7 (Image width profile). For a cost-bounded reduction ® : P — Q, define

Wa(n) = max wo(®(z)),
lz|<n

with value 0 if there are no positive inputs of size at most n.

Theorem 16.8 (Exact degree of image profiles). Let ® : P — Q be a cost-bounded reduction
between fragmented positive predicates. Then

W =r P.

Consequently,
MajDeg(Wg) = {a : degp(P) < a}.

Proof. Pull the fragmentation of @) back along ®:
P2, ={z:®(z) € Q<)

This is a decidable fragmentation of P, and its width profile is exactly Wg . Apply the positive-
fragment equivalence and the majorant-cone theorem. O

Corollary 16.9 (Target profile inherits source hardness). Let W be the full width profile of
Q. If P cost-bounded reduces to @), then every total majorant of W¢q computes P.

Proof. If H majorizes Wg, then
G(n) = H(a(n))

majorizes Wg(n), because |®(z)| < a(|z|). The preceding theorem gives P <p G <p H. [
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17 Immediate Budget Explosions

The preceding theorem is deliberately abstract. Its strength is that many classical undecid-
ability theorems already come with decidable bounded fragments. The following examples
record the quantitative profiles that are obtained without additional domain-specific work.

Theorem 17.1 (No computable finite-model budget). Fiz a finite relational signature con-
taining at least one binary relation symbol. There is no computable function

f:NoN

such that every first-order sentence @ over this signature with a finite model has a finite model
of cardinality at most

F(lel)-

Proof. For r € N, let P<, be the set of first-order sentences over the fixed signature having a
model of size at most 7. This set is decidable: there are only finitely many structures of size
at most r over the fixed finite signature, and satisfaction of a first-order sentence in a finite
structure is decidable.

The union of the P<, is the finite satisfiability problem for the signature. If a computable f
bounded the size of the least finite model in terms of |¢], then finite satisfiability would be de-
cidable by checking all finite structures of size at most f(|p|). This contradicts Trakhtenbrot’s
theorem, which gives undecidability of finite satisfiability already for such signatures. O

Definition 17.2 (Finite-model profile). Let
m(p) = min{|M| : M |= ¢, M finite}
when ¢ has a finite model, and define
Mg, (n) = max{m(p) : |¢| < n, ¢ has a finite model}.

Corollary 17.3. The profile Mg, has the same Turing degree as finite satisfiability over the
fized signature. In particular, Mg, is not computably majorized.

Proof. This is the positive-fragment equivalence applied to the decidable fragments P<, above.
O

Theorem 17.4 (No computable Diophantine solution-height budget). Fiz an effective encod-
ing of integer polynomials in finitely many variables. There is no computable function

f:N—>N
such that every polynomial equation
F(xy,...,xm) =0, F € Z[zx1,...,xm)],
with an integer solution has an integer solution a € Z™ satisfying
max ai] < f(|F)).
Proof. For r € N, let D<, be the set of encoded integer polynomials F' for which there exists

a € Z™ with
F(a)=0  and max |a;| < 7.
K3
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The set D<, is decidable by finite search. The union of these fragments is the solvability prob-
lem for Diophantine equations over Z, which is undecidable by the Davis—Putnam—-Robinson—
Matiyasevich theorem.

If a computable f as in the statement existed, Diophantine solvability over Z would be
decidable by checking all integer tuples with max; |a;| < f(]F|). This contradiction proves the
result. O

Definition 17.5 (Diophantine height profile). For solvable F', set
hz(F) = min{max |a;| : a € Z™, F(a) =0},
and define
Hyz(n) = max{hz(F) : |F| <n, F =0 is solvable over Z}.

Corollary 17.6. The profile Hz has the same Turing degree as Diophantine solvability over
Z. In particular, Hy is not computably majorized.

Proof. Apply the positive-fragment equivalence to the fragments D<,. O

Theorem 17.7 (Proof-length explosion). Let T' be a recursively aziomatized formal theory
whose theorem set

Thm(T)

is undecidable. Fiz an effective proof system for I'. For a theorem ¢, let
lr(¢) = min{|x| : w is a formal proof of ¢ in T}.

There is no computable function

f:NoN

such that
tr(p) < f(lel)

for every theorem ¢ of T'.

Proof. For r € N, let T, be the set of formulas having a T-proof of length at most r. This
set is decidable by enumerating all strings of length at most r and checking which of them are
valid formal proofs.

If a computable function f bounded ¢7(p) in terms of |p|, then theoremhood in T" would
be decidable: on input ¢, enumerate all T-proofs of length at most f(|¢|) and check whether
one proves ¢. This contradicts the assumed undecidability of Thm(7). O

Definition 17.8 (Proof-length profile). Define
Lp(n) = max{lr(p) : |p| <n, ¢ € Thm(T)}.

Corollary 17.9. The profile Ly has the same Turing degree as Thm(T). In particular, if
theoremhood in T is undecidable, then Lt is not computably majorized.

Proof. This is the positive-fragment equivalence for the decidable fragments T,. O

Theorem 17.10 (No computable mortality-word bound). Fiz an effectively presented class
of finite matrix families over a computable field for which the matriz mortality problem is
undecidable. There is no computable function

f:N>N

20



such that every mortal family
in the class has a zero product

with
< f(JA]).

Proof. For r € N, let M<, be the set of matrix families admitting a zero product of length at
most r. This set is decidable by enumerating all words of length at most r in the generators
and multiplying the corresponding matrices.

If a computable f as in the statement existed, then mortality would be decidable: on input
A, enumerate all products of length at most f(].A]), and check whether any of them is zero.
The assumed bound makes the negative answer correct. This contradicts undecidability of
mortality in the chosen class. O

Theorem 17.11 (No computable nilpotency-time bound). In any effective class of cellular
automata for which nilpotency is undecidable, there is no computable function

f:NoN

such that every nilpotent cellular automaton A in the class becomes uniformly nilpotent by
time

FQAD-

Proof. For fixed A and T, the assertion that AT maps every configuration to the nilpotent
uniform configuration is decidable: the value of a cell after T' steps depends only on a finite
window determined by T" and the radius of the local rule, so one checks finitely many patterns.

If a computable bound f existed, nilpotency would be decidable by computing 7' = f(|A])
and checking whether AT is already uniformly nilpotent. This contradicts undecidability of
nilpotency in the chosen class; for instance, Kari’s theorem gives such undecidability for one-
dimensional cellular automata. O

Theorem 17.12 (No computable first-ambiguity bound). There is no computable function
f*N—=N

such that every ambiguous context-free grammar G has a terminal word w with two distinct
parse trees and

lw| < F(IG]).

Proof. For fixed G and N, it is decidable whether G has an ambiguous word of length at most
N: enumerate all terminal words of length at most IV, and for each word use a finite parsing
procedure to decide whether it has at least two parse trees.

If a computable bound f existed, ambiguity of context-free grammars would be decid-
able by checking all terminal words of length at most f(|G|). This contradicts the classical
undecidability of the ambiguity problem for context-free grammars. O

Theorem 17.13 (No computable null-area bound). There is a finite group presentation P
for which no computable function

f:NoN

has the following property: every word w of length at most n representing the identity in Gp
admits a van Kampen diagram of area at most

f(n).
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Proof. Choose a finitely presented group with undecidable word problem. If a computable
function f as in the statement existed for some finite presentation P of this group, then the
word problem would be decidable. Given a word w of length n, enumerate all van Kampen
diagrams over P of area at most f(n), and check whether any has boundary label w. If one is
found, then w =1 in Gp. If none is found, the assumed bound implies w # 1.

This contradicts the choice of Gp. Equivalently, the Dehn function of such a presentation
is not computably majorized. O

18 Finite-Window Obstruction Radius

The positive-fragment theorem bounds the first successful search in positive instances. A dual
pattern occurs when global existence is equivalent to consistency on all finite windows, and
failures are detected by a finite obstruction.

Definition 18.1 (Effective finite-window system). An effective finite-window system consists
of instances e, a global existence predicate P(e), and decidable predicates

Ly (e), N eN,
such that
P(e) <= VN Ly(e).
For a negative instance, define its obstruction radius by
r(e) = min{N : Ly(e) fails}.

Theorem 18.2 (No computable obstruction radius). Suppose P is undecidable in an effective
finite-window system. Then there is no computable function

f:N—>N
such that every negative instance e satisfies

r(e) < f(lel).

Proof. Assume such an f exists. Given e, compute N = f(|e|) and decide the finite list of
predicates

Lo(e), Ll(e), e ,LN((B).

If one fails, then P(e) is false. If none fails, then P(e) is true: otherwise e would be a negative
instance with obstruction radius at most N, contradicting the search. This decides P, contrary
to the hypothesis. O

Theorem 18.3 (No computable finite-window bound for Wang tilings). There is no com-
putable function

f:N—>N
such that every finite Wang tileset T' which does not tile the plane already fails to tile some
square

[1, NJ?

with

N < f(IT)).
Proof. For a tileset T, let Ly (T) be the decidable statement that the square [1, N]? admits a
locally valid T-tiling. By compactness, T tiles the plane if and only if Ly (7") holds for every
N. Thus the obstruction radius theorem applies to the global predicate “T" tiles the plane”.

Since the domino problem is undecidable by Berger’s theorem, no computable bound on the
first failing square can exist. O
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19 Convergence Modulus Obstructions

Some access systems approximate a limiting quantity by finite budgets. If a threshold problem
for the limit is undecidable, then the convergence to the limit cannot have a computable
modulus.

Theorem 19.1 (No computable convergence modulus from undecidable thresholds). Let a. €
R be a family of real quantities with computable approrimants

Qe, N N € N,

such that
ae = lim a. n.
¢ Nooo O

Assume there are rationals
a<p

for which the promise problem
ac<a or  a.>f
is undecidable. Then there is no computable function
M e,¢)

such that
|ae - ae,N‘ <e
for every N > M (e, ¢).

Proof. Suppose such an M exists. Choose a rational

08—«

D<e<
£S Ty

Given e, compute
N = M(e,¢).

Compute ae,n to error less than €. In the case a. < «, the computed value is at most o + 2¢,
which is below (a + (3)/2. In the case a. > (3, the computed value is at least 8 — 2e, which
is above (a + ()/2. Comparing with the midpoint therefore decides the promised threshold
problem, contradiction. ]

Theorem 19.2 (No computable finite-dimensional strategy budget). For the families of finite
nonlocal games arising from the MIP* = RE undecidability theorem, there is no computable
function

D(G,e)

such that
wg(G) —w<p(ae(G) <€
for every game G in the family and every rational € > 0.

Proof. Let
w<d(G)

denote the supremal winning probability over strategies of local dimension at most d. For
fixed d, this is a finite-dimensional semialgebraic optimization problem and is effectively ap-
proximable. Moreover

wq(G) = supw<q(G).
d
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If a computable dimension budget D(G,¢) existed, then wy(G) would be computably ap-
proximable to arbitrary prescribed precision: compute d = D(G,¢) and approximate the
finite-dimensional value w<4(G). For a constant-gap promise

we(G) <« or we(G) >

with o < 3, choose 0 < € < (8 — «)/4, compute d = D(G,¢), and approximate w<4(G) to

error less than . Since
w<d(G) < wy(G)

and
wq(G) —w<a(G) < ¢,

the same midpoint comparison as in the previous theorem decides the promised threshold.
This contradicts the undecidability consequence of MIP* = RE, which gives finite nonlocal
games with undecidable constant-gap entangled-value thresholds. O

20 Move-Fibre Recognition

The preceding theorem concerns positive search. A second recurring situation concerns a single
fibre of a realization map. If the fibre is connected by elementary moves, the height needed to
navigate back to a base point is exactly as hard as recognizing membership in that fibre.

Definition 20.1 (Computable move presentation). A computable move presentation consists

of:
(i) a decidable class of descriptions D C ¥*;
(i) a realization map p: D — X;

(7ii) a computable cost k : D — N, with finitely many descriptions of cost at most N, effec-
tively enumerable for each N;

) a symmetric computable elementary move relation d <+ d' preserving realization;
Y Y g
(v) connected fibres: if p(d) = p(e), then d and e are joined by a finite move path.

Fix an object ., € X and a base description d, € p~!(x,). Write
Recy, ={d € D : p(d) = z.}.
Definition 20.2 (Bridge height). For d € Rec,,, define

h(d,d.) = min max K(e),

where v ranges over finite move paths from d to dy.. The bridge profile of the fibre is
B;.(n) = max({/@(d*)} U{h(d,ds) : d € Rec,,, k(d) < n})

Theorem 20.3 (Move-fibre recognition equivalence). For every computable move presentation
as above,
B, =1 Recg, .

If Recy, is undecidable, then B, has no computable majorant.
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Proof. First assume oracle access to B,. Given d € D, set
N = max{B,, (k(d)),k(d)}.

Enumerate the finite move graph consisting of descriptions reachable from d by paths whose
vertices all have cost at most N. If d, appears in this finite graph, then d € Rec,,, because
moves preserve realization.

If d € Rec,,, then the definition of B,, gives a path from d to d, of height at most N, so
the search finds d,. If the search does not find d,, then d ¢ Rec,,. Hence Rec,, <r B,,.

Conversely, assume oracle access to Rec,,. To compute By, (n), enumerate all descriptions
d with k(d) < n, and use the oracle to keep exactly those in Rec;,. For each retained d, search
over height bounds H = 0,1,2,..., enumerating the finite move graph of paths from d that
stay within cost H, until d, is reached. Connectedness of the fibre guarantees termination.
The first successful H is h(d,d,). Taking the maximum over the finite retained list gives
By, (n). Thus B, <7 Recy,.

If B,, had a computable majorant, the first reduction would decide Rec;, by searching
below that computable bound. Therefore undecidable recognition implies no computable
majorant. [

21 Murphy Transfer

The algebraic counterpart of non-recursive budget transfer is universality transfer. A rank-
profile compiler moves singularities from incidence geometry into fibres of an observable.

Definition 21.1 (Rank-profile compiler). Let Q : X — A be an observable on an algebraic
moduli problem X. A rank-profile compiler into (X,Q) assigns to each labelled subspace ar-
rangement

L=(Li,....,L,)CV
an object
CL)eXx
so that the following conditions hold.

(i) Rank-profile condition. The value Q(C(L)) depends only on the labelled rank function

rL(S) = dimZLi.

€S

(i) Fibre faithfulness. On each locally closed stratum with fized labelled rank function, C
preserves the local moduli of arrangements up to simultaneous linear change of coordi-
nates and smooth factors.

(iii) Algebraicity. The assignment L — C(L) is algebraic on the relevant arrangement
charts.

Theorem 21.2 (Murphy transfer for rank profiles). Suppose (X,) admits a rank-profile
compiler. Then every finite-type singularity appearing in a labelled subspace-arrangement re-
alization space appears, up to stable equivalence, in a fibre of Q). In particular, by Mnév—
Sturmfels universality in the scheme-theoretic form of Lee—Vakil, every finite-type singularity
over Z appears, up to stable equivalence, in a fibre of 2.
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Proof. Fix a labelled rank function r. By the rank-profile condition, all compiled objects C(L)
with
L =T

lie in a single fibre of 2. The algebraicity condition identifies the compiled family as an
algebraic family inside that fibre. The fibre-faithfulness condition says that, locally on the
fixed-rank arrangement stratum, this family has the same singularity type as the arrangement
realization space, up to the smooth factors coming from coordinate choices and presentation
parameters.

Thus every singularity appearing in a fixed-rank labelled arrangement realization space
appears stably in an €2-fibre. The Mnév—Sturmfels—Lee—Vakil universality theorem supplies
labelled incidence, matroid, or subspace-arrangement realization spaces with arbitrary finite-
type singularities over Z. Applying the compiler gives the asserted fibres. O

22 Wild-Fibre Transfer

Murphy transfer concerns local algebraic singularities inside fibres. A complementary phe-
nomenon concerns classification complexity inside a single fibre. The benchmark used here is
simultaneous similarity of pairs of matrices:

(A,B) ~ (A", B')
if there exists an invertible matrix P such that
A= PAP, B' = PBP.

Definition 22.1 (Matrix-pair subproblem in fixed fibres). Let Q : X — A be an observable.
A matriz-pair subproblem in fized fibres consists of maps

Cp:lUp =X, U, C My(k)?
and values w, € A, for infinitely many n, such that
Q(Cn(A, B)) = wn
for all (A, B) € Uy, and
Cn(A,B)=C,(A,B") <= (A,B)~ (4, B)

within the chosen matriz-pair class.
If all wy, are equal to a single value wq, the subproblem lies inside one fibre.

Theorem 22.2 (Wild-fibre transfer). If fized fibres of an observable contain a matriz-pair
subproblem whose source class contains simultaneous similarity of arbitrary matriz pairs by a
fully faithful representation embedding, then classification within those fized fibres is wild. If
all wy, are equal, the same conclusion holds inside one fibre.

Proof. For each n, the map C, sends all source objects to the fixed fibre Q7 !(w,). The dis-
played equivalence says that isomorphism inside that fibre, restricted to this image, is exactly
simultaneous similarity of the source pairs. Therefore any classification of objects in these
fibres would, by restriction to the image of the C,, classify the source matrix-pair problem.
If the source contains arbitrary simultaneous similarity by a fully faithful representation em-
bedding, then the corresponding fixed fibres contain a standard wild classification problem.
When all w,, coincide, this subproblem lies inside the single fibre Q7! (wp). O
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23 Budgeted Morita Equivalence

Transfer packages can also express when two presentation contexts are quantitatively the same
theory.

Definition 23.1 (Budgeted Morita equivalence). Let H be an overhead class. Two presenta-
tion contexts P and Q are H-Morita equivalent if there are transfer packages

P— Q—%

with all overheads in H, such that the two composites are equivalent to the identity packages
on objects, bounded parts, observables, operations, verification relations, and fibre navigation
profiles, again with overheads in H.

Proposition 23.2 (Invariance under budgeted Morita equivalence). If B and Q are H-Morita
equivalent, then every theorem in the interpretable budgeted fragment of one context transfers to
the other with H-distortion. In particular, presentation complexity, observable distinguishing
costs, wverification profiles, bridge profiles, and bounded obstruction profiles agree up to H-
equivalence whenever they are expressible in that fragment.

Proof. Apply the controlled transfer schema to the package 8 — Q and then to the package
) — P. The comparison data for the composites identify the transported statements with the
original ones, while the closure of H under composition keeps the resulting overheads inside H.
The listed profiles are defined by bounded existential or universal statements over the layers
explicitly preserved by the equivalence, so their upper and lower bounds transport in both
directions. O

24 Transfer Graphs

Definition 24.1 (Transfer graph). A transfer graph is a directed graph whose vertices are
presentation contexts and whose arrows are transfer packages. Fach arrow is labelled by its
overhead vector.

Definition 24.2 (Transport along a path). A path

Po—=Fi == Py

induces a composite transfer package
g’BO — gpn

Its overhead vector is obtained by componentwise composition of the overheads along the path.

The resulting transport distance is generally not a metric. It is directed, multiresource,
and takes values in functions or upper sets of functions.

Common hubs in transfer graphs include representation schemes, matrix-pair classification,
finite-window constraint systems, computable limiting processes, nonlocal games, cellular au-
tomata, formal grammars, matrix semigroups, chain complexes, tensor networks, tropicaliza-
tions, finite-test profiles, proof systems, automata, syntactic monoids, differential modules,
and Galois representations.

Remark 24.3 (Transfer classes and moduli). Most arguments in this note use a single transfer
package at a time. In some problems, however, the useful object is the class of all packages
between two contexts with a prescribed overhead profile. One may write informally

TranSSX (213’ Q)
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for transfer packages from B to Q whose cost overhead, observable loss, verification overhead,
and fibre distortion are bounded by a character x. This notation is only a bookkeeping device
here, not a new layer of foundations. It becomes useful when local transfer packages must be
compared or glued, when one wants to optimize over several possible proof strategies, or when
a capacity argument rules out every package in a proposed class. In that sense, a transfer
package proves a transported theorem, while a transfer class records a family of possible proof
strategies.

25 Application I: Rank-Invariant Fibres

We first apply the transfer viewpoint to multiparameter persistence. The point is not that
the rank invariant is incomplete; that is well known. The point is that its fibres can contain
arbitrary algebraic singularity types.

Let k be an algebraically closed field and let

R=k[t1,...,tn]

with its standard N™-grading. A finitely presented N"-graded R-module is an m-parameter
persistence module.
For such a module M, the rank invariant is

puy(a,b) = rank(M, — M), a <b.

25.1 The Incidence Compiler

Let V be a finite-dimensional k-vector space and let
L= (Li,...,Lp)

be a labelled tuple of subspaces L; C V. Define

P(L) = (R V)/f:tiR @k Li.
=1

This module is generated in degree 0, with relations ¢;¢ = 0 for £ € L;.

Lemma 25.1 (Graded pieces). For a = (a1,...,an,) € N, set
S(a) ={i:a; > 1}.

Then

PL),~V/ Y L.
1€S(a)
If a < b, the structure map
P(L), — P(L),

is the natural quotient map

v/ Y L—V/] Y L

i€S(a) i€S(b)

Proof. The degree-a component of R®; V' is a copy of V, generated by t*® V. The submodule
t;R ® L; contributes to degree a exactly when a; > 1, and in that degree it contributes the
subspace L; C V. Hence the degree-a quotient is

v/ > L

ia;>1
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Multiplication by t*~¢ carries the degree-a copy of V' to the degree-b copy of V, and the relation
subspace can only increase from } ;cg(,) Li t0 > ieq@) Li- Therefore the induced map is the
displayed quotient map. ]

Lemma 25.2 (Rank invariant as a subspace-rank function). For a <b,

ppw)(a,b) = dimV — dim ( Z Li) .

ieS(b)
Thus the rank invariant of P(L) depends only on the labelled rank function
rp(S) =dim > L;.
€S

Proof. By the preceding lemma, P(L), — P(L) is the quotient map

i€S(a) ieS(b)
This map is surjective. Its rank is therefore the dimension of its codomain:

dim V — dim Z L;.

ieS(b)
O

Lemma 25.3 (Recovery of the labelled arrangement). Let L = (Li,...,Ly,) CV and L' =
(Ly,...,L),) CV'. Then
P(L) = P(L)

as N™-graded R-modules if and only if there is a linear isomorphism
T:V =V

such that
T(L;) = L;

for every 1.
Proof. A graded R-module homomorphism
®: P(L) — P(L)

is determined by its degree-zero part T': V — V', because P(L) is generated in degree 0. In
P(L), the subspace L; C V = P(L)y is exactly

ker(P(L)o < P(L).,),

since this map is V' — V/L;.
Because ® commutes with multiplication by ¢;, the map T sends this kernel into the
corresponding kernel L}. Thus
T(L;) C L.

If ® is an isomorphism, applying the same argument to ®~! gives equality.
Conversely, if T': V' — V' is an isomorphism satisfying T'(L;) = L/ for all i, then

idpe@T : RV - RV’
sends t;R ® L; onto t;R ® L. It therefore descends to an isomorphism
P(L) = P(L/).
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Theorem 25.4 (Universality inside rank-invariant fibres). In the standard scheme-theoretic
presentation of finite multigraded R-modules of the form above, rank-invariant fibres contain
locally closed strata stably equivalent to realization spaces of labelled subspace arrangements.
Consequently, by Mnév-Sturmfels universality in scheme-theoretic form, every finite-type sin-
gularity over Z occurs, up to stable equivalence, in a rank-invariant fibre of finitely presented
multiparameter persistence modules.

Proof. The construction L — P(L) is algebraic in the Pluecker coordinates of the labelled
subspaces. The preceding lemmas show two facts.
First, the rank invariant of P(L) is determined by the rank function

S —dim)_ L.
ieS

Therefore all labelled arrangements with the same rank function map into a single rank-
invariant fibre.

Second, within the image of this construction, the graded module P(L) remembers the
labelled arrangement up to simultaneous linear change of coordinates. Thus the corresponding
locally closed piece of the rank-invariant fibre has the same local moduli, up to the usual stable
factors coming from choices of coordinates and presentation format, as the realization space
of the arrangement.

Scheme-theoretic Mnév—Sturmfels universality says that realization spaces of finite inci-
dence or matroid-type configurations realize every finite-type singularity over Z, up to stable
equivalence. Such incidence configurations can be encoded as labelled subspace arrangements:
for example, points and lines in P? become one- and two-dimensional subspaces of k2, and
incidence is the rank condition

pCl << dim(p+¥¢) =2

Non-incidence is the complementary locally open rank condition. Hence the relevant real-
ization spaces appear among fixed-rank-function subspace-arrangement strata. Applying the
compiler L — P(L) places these strata inside rank-invariant fibres. O

Corollary 25.5. Rank-invariant fibres in multiparameter persistence can be reducible, non-
normal, non-reduced, and singular in arbitrary finite-type ways.

Theorem 25.6 (Restricted real rank-profile realizability). Over R, the following restricted
realizability problem is AR-complete: given integers d, m and a function

o 2thmt N,

decide whether there are subspaces

such that
dim Z L; =r(9)
€S
for every S C {1,...,m}. Consequently, the rank-invariant realizability problem for persis-

tence modules in the image of the compiler L — P(L) is IR-complete.

Proof. Membership in JR follows by choosing matrix coordinates for the subspaces L;. The
condition
dim ) " L; < r(S)

i€S
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is expressed by vanishing of all (r(S) + 1)-minors of the concatenated matrix for the L; with
i € S. The condition
dim Z L; >r(9)
€S

is expressed by the non-vanishing of at least one r(S)-minor, equivalently by a finite disjunction
of polynomial inequalities. Since existential first-order formulas over the reals allow finite
Boolean combinations of polynomial equalities and inequalities, this gives an AR description.

Hardness follows from real representability of rank-three matroids. A rank-three matroid
on labelled elements can be encoded by one-dimensional subspaces

Li g Rsa

with the matroid rank of S equal to

€S
Mnév universality, in particular its standard complexity-theoretic consequence for real matroid
realizability, gives dR-hardness. The final statement follows from the lemma identifying the
rank invariant of P(L) with the labelled rank function of L. O

Theorem 25.7 (Boolean-lattice restriction-rank fibres). Let By, be the Boolean lattice of
subsets of {1,...,m}. For a labelled subspace arrangement

L=(Ly,....Ly) CYV,

define a functor
F1, : B,, — Vecty,

by
Fi(8)=V /Y L,
€S
with the natural quotient map F1,(S) — FL(T) for S CT. The restriction-rank profile
pL(S, T) = rank(FL(S) — FL(T))
has fibres containing, up to stable equivalence, every finite-type singularity over Z.
Proof. For S C T, the map
FL(S) — FL(T)

is surjective. Hence
pL(S,T) = dim FL,(T) = dim V — dim » _ L;.
€T
Thus the full restriction-rank profile depends only on the labelled rank function
T dim) L.
1€l
Conversely, the functor Fi, remembers the labelled arrangement up to simultaneous linear

change of coordinates, because
FL(@) =V

and
L; = ker(Fr(2) — FL({i})).

Therefore the map L — Fy, is a rank-profile compiler in the sense of the Murphy trans-
fer theorem. Applying that theorem gives the asserted singularity types inside fibres of the
restriction-rank profile. O
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Theorem 25.8 (Fixed rank-profile fibres contain matrix-pair classification). Let k be an
algebraically closed field. For each n, there is a restriction-rank profile on the Boolean lattice
Bs whose fibre contains the simultaneous-similarity classification of an open matriz-pair class
in M,,(k)2. Asn varies, these fized-profile fibres contain a fully faithful copy of the classification
of arbitrary pairs of matrices up to simultaneous similarity.

Proof. Let U = k™ and W = U @ U. For a pair (A, B) € M,(k)?, define five labelled n-
dimensional subspaces of W

E=U®0, F=00U, D ={(z,x) :x €U},

Ga={(z,Ax) :x € U}, Gp={(z,Bz) :z € U}.

Assume
A B, A-I, B-1I, A—B

are invertible. Then any two distinct subspaces in the list span W. Therefore the labelled
rank function of this five-subspace arrangement is independent of (A, B):

0, S=g2,
dim) Li=<{n, |S]=1,
€S on, |S|>2.

Applying the Boolean-lattice construction to this arrangement gives functors
Fy g : Bs — Vecty,

all lying in one restriction-rank fibre for the fixed value above.
It remains to identify isomorphism in this fibre on the constructed subfamily. The functor
remembers the labelled arrangement because each labelled subspace is recovered as

L, = ker(FAVB(Q) — FA,B({z}))

Thus an isomorphism Fsp = Fa pr is the same as a linear isomorphism 7' : W — W
preserving the five labelled subspaces. Preservation of E and F' gives

P 0
(2]
Preservation of D forces () = P. Preservation of G4 and Gp is then exactly

A= PAP, B' = PBP .

The converse is immediate from the block-diagonal map diag(P, P). Hence the fixed rank-
profile fibre contains simultaneous similarity of the indicated open matrix-pair class.

The open conditions do not remove the usual matrix-pair classification problem. Given
an arbitrary pair (X,Y) € M,(k)?, choose scalars \;, iu; € k\ {0,1} with the \; distinct and
i # p1i. Define, on U5,

A() = diag()\lf, ves ,)\5[)

and
mI I X Y 0
0 ol I 0 0
BX,Y = 0 0 Mg[ I 0
0 0 0 jpul I
0 0 0 0 psl



The pair (Ao, Bx,y) satisfies the invertibility conditions above. If
(Ao, Bxy) ~ (Ao, Bx' y),

then the conjugating matrix must be block diagonal because the A; are distinct. The identity
blocks in Bx y force all diagonal blocks to be equal, and the (1, 3)- and (1, 4)-blocks then give

X' =PXpP!, Y' = PYP .

Conversely, any simultaneous similarity between (X,Y) and (X')Y’) gives a simultaneous
similarity between the stabilized pairs. Thus arbitrary matrix-pair similarity embeds fully
faithfully into the open class used above. O

Corollary 25.9 (Fixed rank-invariant fibres in five-parameter persistence). For each n, there
is a rank invariant p, of finitely presented 5-parameter persistence modules such that the fibre

{M : prr = pn}

contains the simultaneous-similarity classification of an open class of pairs in My (k). Asn
varies, these fired-rank-invariant fibres contain the usual matriz-pair classification problem.

Proof. Use the same five subspaces
(E,F,D,G7,Gg) CW=UaU

as in the preceding theorem, and form the 5-parameter module

5
Map = (klt1,...,t5] @ W)/Ztik[tla oo ts] ®g L.
i=1
The graded-piece lemma gives
(MA’B)a:W/ Z L;, S(a) ={i:a; > 1}.
1€S(a)
Therefore the rank invariant is determined by
S dim»_ L.
1€S

Under the open conditions
A B, A-I, B—-1, A—-B

invertible, this rank function is the fixed function

0, S=2,
dim) Li=<{n, |S]=1,
i€s 2n, |S|>2.

Hence all My g lie in one rank-invariant fibre.
The recovery lemma for P(L) says that an isomorphism

Map =My p

is exactly a simultaneous linear isomorphism of the five labelled subspaces. The proof of the
preceding theorem identifies this condition with

A= PAP, B' = PBP.

The same stabilization argument embeds arbitrary matrix-pair similarity into the open class.
O
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Proposition 25.10 (Finite-poset presentation equivalence). For every finite poset P, the
following presentation contexts are polynomially equivalent:

functors P — Vecty,

representations of the Hasse quiver of P with commutativity relations,
finite modules over the incidence algebra kP,

and sheaves or cosheaves on the Alexandrov space associated to P, with the corresponding
choice of covariance. Under these translations, dimension vectors, ranks of structure maps,
morphisms, endomorphism algebras, and decomposability are preserved with polynomial over-
head in the size of P and the chosen linear data.

Proof. A functor P — Vect;, assigns a vector space to each p € P and a linear map to each
relation p < ¢, compatible with composition. The Hasse quiver records only cover relations.
Imposing commutativity along all comparable paths reconstructs exactly the functorial data.

The incidence algebra kP has idempotents e, and basis elements e,, for p < ¢. A finite
kP-module decomposes into components e, M, and the elements e, give compatible maps
epM — eqM. This is again the same data as a functor P — Vecty,.

For the Alexandrov topology associated to P, sheaves and cosheaves encode the same finite
diagram, with variance determined by the convention for specialization order. All conversions
are explicit and use only finitely many linear maps indexed by P, so their presentation overhead
is polynomial. O

Corollary 25.11 (Rank-derived invariants inherit fixed-fibre complexity). Let I be any in-
variant on one of the finite-poset, sheaf, quiver, or multiparameter-persistence contexts above
that factors through the relevant rank profile:

I(M) = @(pur)-

Then some fibre of I contains, up to stable equivalence, every finite-type singularity over Z.
Moreover, for each n, some fibre of I contains the simultaneous-similarity classification of pairs
of n x n matrices. Thus rank-derived invariants do not remove the fixed-profile matriz-pair
subproblems exhibited above.

Proof. By the Boolean-lattice theorem, for every finite-type singularity there is a rank-profile
fibre containing that singularity stably. If I = ® o p, then every rank-profile fibre is contained
in a fibre of I. Therefore the same singularity occurs in an I-fibre.

For the matrix-pair statement, use either construction above. The objects constructed
there have a fixed rank profile p,, hence a fixed value

(I)(pn)

of I. Their isomorphism problem is simultaneous similarity of n x n matrix pairs. O

26 Application II: Finite-Quotient Observable Budgets

Finite quotients form a natural observable system for finitely presented groups.

Let P = (S | R) be a finite presentation, and let Gp be the group it presents. Let |P]
denote a fixed total presentation length.

For every finite group @), define the observable

wq(G) = Hom(G, Q),
with observable cost

x(wg) = 1Q|.
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Definition 26.1 (First nontrivial finite quotient). Define
q(P) =min{|Q| : Q finite and there exists Gp — Q with nontrivial image}.
If no such @Q exists, set q(P) = oo.

Theorem 26.2 (No computable finite-quotient observable budget). There is no computable
function
f:N—=N

such that, for every finite presentation P,
q(P) <00 = q(P) < f(|P]).
Proof. Assume such an f exists. Given a finite presentation P, compute
N = f(|P]).

There are finitely many multiplication tables of groups of order at most N, and they can be
enumerated. For each such finite group @, enumerate all maps from the finite generating set S
of P to Q. Each map determines a homomorphism from the free group on S. Check whether
every relator in R maps to the identity of @Q. If so, the map descends to a homomorphism

Gp—)Q.

Then check whether its image is nontrivial.

If such a homomorphism is found, Gp has a nontrivial finite quotient. If no such ho-
momorphism is found for any @ of order at most N, the assumed bound implies that no
nontrivial finite quotient exists. Thus f would decide whether the profinite completion of Gp
is nontrivial.

This contradicts the undecidability theorem of Bridson and Wilton for triviality of profinite
completions of finitely presented groups. Therefore no computable f exists. O

Corollary 26.3 (Invisibility below every computable finite budget). For every computable
function f, there exists a finite presentation P such that Gp has a nontrivial finite quotient,
but every homomorphism

Gp—Q

is trivial for every finite group @ with
QI < f(|P]).

Proof. If the statement failed for some computable f, then f would bound ¢(P) for every P
with ¢(P) < oo, contradicting the theorem. O

Definition 26.4 (Finite-quotient profile). Define
W (n) = max{a(P) : |P| < n, q(P) < oc}.

Proposition 26.5 (Turing degree of the finite-quotient profile). The function W has the same
Turing degree as the decision problem

A ={P : Gp has a nontrivial finite quotient}.
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Proof. Given oracle access to W, decide A as follows. On input P, compute
N =W(|P)).

Enumerate finite groups @ of order at most N, and enumerate homomorphisms Gp — Q. If a
nontrivial image is found, answer yes; otherwise answer no. By definition of W, this is correct.
Hence A <p W.

Conversely, given oracle access to A, compute W (n) by enumerating all finite presentations
P with |P| < n. There are finitely many. Use the oracle to select those in A. For each selected
P, enumerate finite groups and homomorphisms until the least nontrivial finite quotient is
found. This search terminates for every selected P. Take the maximum of the resulting finite
list. Hence W < A. O

Corollary 26.6 (No computable finite-linear observable budget). There is no computable
function
d:N—N

such that, for every finite presentation P, if Gp has a nontrivial finite quotient, then there
exists a nontrivial homomorphism

Gp — GLg/(F2)
for some d'" < d(|P]).

Proof. If such a computable function existed, then one could decide whether Gp has a non-
trivial finite quotient as follows. Compute d(|P|). For each

1< d <d(P),

the finite group GLg (F9) is explicitly enumerable. Enumerate all maps from the generators
of P to this group, check the relators, and test whether the resulting image is nontrivial. If
a nontrivial image is found, answer yes; otherwise answer no. The assumed bound makes the
negative answer correct.

This contradicts Bridson—Wilton undecidability. Conversely, every nontrivial finite quo-
tient @ has a faithful left-regular permutation representation, hence a faithful linear represen-
tation

Thus finite-linear observables over Fy detect exactly the same positive property, but they do
not admit a computable completeness budget. ]

27 Application III: Pachner Fibre Barriers

The third application concerns the geometry of a single fibre of a triangulation presentation.
Let D be the class of finite triangulations of closed PL 4-manifolds. The realization map
is
p(T) = |Tlpv,

and the cost is
k(T) = #{4-simplices of T'}.

For a fixed closed PL 4-manifold M, the fibre

is the set of all triangulations of M. Pachner moves connect this fibre.
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Definition 27.1 (Pachner height). Fiz a triangulation T, € F(M). For T € F(M), define

he(T 1) = ity 191

where vy ranges over Pachner paths from T to Ty, and |S| denotes the number of 4-simplices

of S.

Theorem 27.2 (Non-recursive Pachner bridge height). There exists a closed PL 4-manifold
M and a triangulation T, of M such that no computable function

fN—=N

satisfies

he(T,T:) < f(IT)
for every triangulation T of M.

Proof. Choose a closed PL 4-manifold M that is not algorithmically recognizable: there is no
algorithm deciding, for an arbitrary triangulated closed PL 4-manifold X, whether X Zpy, M.
Such manifolds exist by Markov-type unrecognizability results in dimension 4.

Fix a triangulation T, of M. Suppose, toward contradiction, that a computable function
f bounds hp(T,T,) for every triangulation T' of M.

We construct an algorithm recognizing M. Given a triangulated closed PL 4-manifold X,

compute
N = f(IX]).

Enumerate all triangulations reachable from X by Pachner moves while never exceeding IV top-
dimensional simplices. This search is finite, because there are only finitely many combinatorial
triangulations with at most N top-dimensional simplices.

If T, appears in this finite search, answer yes. If not, answer no. If X =py, M, Pachner’s
theorem gives a Pachner path from X to T,. The assumed height bound gives such a path
staying below N, so the search finds it. If X 2p;, M, no Pachner path reaches T, because
Pachner moves preserve PL homeomorphism type.

This algorithm recognizes M, contradiction. O

Corollary 27.3 (Non-recursive Pachner distance). For the same M and T, there is no com-

putable function g such that
dp(T,T) < g(IT])

for every triangulation T of M.

Proof. If such a g existed, one could recognize M by enumerating all Pachner paths of length
at most g(|X|) from the input triangulation X, checking whether one reaches T. This would
contradict unrecognizability of M. O

Definition 27.4 (Bridge profile). Define
Bur(n) = max({|T.[} U {hp(T,T.) : T =pr, M, |T| < n}).

Proposition 27.5 (Turing degree of the bridge profile). The function Bps has the same
Turing degree as the recognition problem for M.
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Proof. Given an oracle for B);, decide whether an input triangulation X is PL. homeomorphic
to M as follows. Compute

N = By (]X]).

Enumerate all triangulations reachable from X by Pachner moves while staying below height
N. If T, appears, answer yes; otherwise answer no. If X Zpr, M, the definition of Bj; ensures
that such a bounded-height path exists. If not, no path exists at all. Thus recognition of M
is Turing reducible to Bjy,.

Conversely, assume access to an oracle recognizing M. To compute Bjps(n), enumerate
all triangulations with at most n top-dimensional simplices. Use the oracle to select those
PL homeomorphic to M. For each selected triangulation 7', search over height bounds H,
increasing H one by one, and perform the finite Pachner search below height H until T
is reached. Pachner’s theorem guarantees termination. This computes hp(T,Ty) for each
selected T'. Taking the maximum gives By (n). O

28 Application IV: Tietze Fibre Barriers

The group-theoretic analogue of the Pachner application uses the fibre of finite presentations
of the trivial group.

Fix a standard decidable Tietze graph on finite group presentations, generated by elemen-
tary Nielsen—Tietze moves and generator introduction/removal moves. The moves preserve
the presented group, and Tietze’s theorem says that two finite presentations of isomorphic
groups lie in the same connected component. Let |P| denote total presentation length.

Let

P.={(a|a)

be a base presentation of the trivial group.

Definition 28.1 (Tietze height). For a finite presentation P of the trivial group, define

(PP = gt g 1Pl

where v ranges over Tietze paths from P to Pi.

Theorem 28.2 (Non-recursive Tietze height for the trivial group). There is no computable
function

f:NoN

such that
hr(P, P.) < f(|P|)

for every finite presentation P of the trivial group.

Proof. Suppose such a computable f existed. Given an arbitrary finite presentation P, com-
pute
N = f(|P)).

Enumerate the finite subgraph of the Tietze graph consisting of presentations of length at
most N reachable from P through paths staying within that length bound. This is a finite
effective search because there are only finitely many presentations of length at most N, and
the chosen elementary move relation is decidable.

If P, appears, then P presents the trivial group, since Tietze moves preserve the presented
group. If P presents the trivial group, Tietze’s theorem gives a path from P to P, and the
assumed bound gives such a path staying within length N. Thus the finite search finds Pi.

This would decide whether an arbitrary finite presentation presents the trivial group, con-
tradicting the Adian—Rabin undecidability theorem. Therefore no computable f exists. O
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Definition 28.3 (Tietze bridge profile). Define

Bi(n) = max({|P.[} U {hr (P, P.) : Gp =1, |P| < n}).
Proposition 28.4 (Turing degree of the Tietze bridge profile). The function By has the same
Turing degree as the triviality problem for finitely presented groups.

Proof. This is the move-fibre recognition theorem applied to finite group presentations, the
realization map P +— Gp, the standard Tietze graph, and the fibre over the trivial group.
The hypotheses are satisfied: bounded presentations are finite and effectively enumerable, the
move relation is decidable by construction, and Tietze’s theorem gives connectedness of each
isomorphism fibre. O

29 What Transfer Adds

The examples above share the same pattern. A theorem from one mathematical world is
transported into the language of presentation access:

Trakhtenbrot undecidability = ~» non-computable finite-model budgets,

Hilbert’s tenth problem ~» non-computable integer-solution heights,
undecidable theoremhood ~» non-computable proof-length profiles,
undecidable word problem ~» non-computable Dehn area profiles,

cellular-automaton nilpotency ~» non-computable stabilization time,
CFG ambiguity undecidability ~~ mnon-computable first ambiguity length,

matrix mortality undecidability ~~ non-computable zero-word length,

domino undecidability ~» non-computable finite-window obstruction radius,
MIP* = RE ~» mnon-computable finite-dimensional strategy budgets,
rank-profile universality ~»  Murphy fibres of observables,
matrix-pair similarity ~ wild fixed rank-profile fibres,
matroid realizability ~> dR-complete rank-profile realization,
fragmented positive search ~» non-computable observable budgets,
move-fibre recognition ~ non-recursive navigation in one fibre,
Adian—Rabin triviality ~» non-recursive Tietze height.

The transported statements expose the resource layer that is implicit in the original theorems.
This suggests a practical rule: applications should search not only for invariants, but for
transfer packages. Productive hubs include incidence and matroid realization spaces, matrix-
pair classification, finite-window compactness systems, computable limiting processes, nonlo-
cal games, cellular automata, formal grammars, representation schemes, finite-poset sheaves,
quiver representations with relations, matrix semigroups, Macaulay complexes, differential
Galois representations, tensor networks, automata, syntactic monoids, and tropicalizations.

30 Further Directions

30.1 Transfer Atlas

The strongest current hubs are incidence-rank universality, matrix-pair classification, frag-
mented decidability, finite-window compactness, and computable limiting processes. Sev-
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eral further hubs appear promising but require additional domain-specific input before they
should be stated as theorems. Representation schemes of finitely presented groups and 3-
manifold groups can import deformation-theoretic singularities into topological or group-
theoretic presentation contexts. Algebraic proof systems may admit lower-bound transfer
through initial ideals, tropical degenerations, or Macaulay presentations. Differential modules
and Picard-Fuchs equations suggest a separate theory of scalar-compression costs for periods
and parametrized integrals. Finite-volume spectral data in many-body Hamiltonian systems
appears to fit the finite-window or convergence-modulus template once the effective model and
promise structure are fixed carefully.

In each case, the useful question is not only whether a construction exists, but which
access layer it controls: object descriptions, bounded observables, verification data, or fibre
navigation.

30.2 Quantitative Yoneda Problems

Finite-test profiles such as
T — Hom(X,T) or T — Hom(T, X)
give budgeted analogues of Yoneda-type reconstruction. The central questions are:

(i) how much observable budget is needed to reconstruct X?

)
(ii) how large are fibres of bounded finite-test profiles?
(iii) when is the completeness modulus computable?

)

(iv) when is it polynomial, exponential, or non-recursive?

30.3 Algebraic Verification Transfer

In proof theory, algebraic geometry, and symbolic computation, transfer packages often include
maps on verification data. Potential examples include Nullstellensatz identities, Macaulay
degree bounds, toric verification data, Groebner degenerations, and positivity proofs.

31 Conclusion

Presentation Theory begins with descriptions, realization maps, costs, observables, and fibres.
This sequel develops the transfer calculus. A map between mathematical worlds becomes
powerful when it controls access: descriptions, observable budgets, operations, verification
data, and fibre geometry.

The controlled transfer schema turns this into a reusable mechanism. Every theorem
written in an interpretable budgeted fragment transfers with the corresponding overheads.
Fragmented positive predicates convert undecidability into non-computable resource profiles.
Finite-window systems convert undecidable global existence into non-computable obstruction
radii. Computable limiting systems convert undecidable threshold problems into failures of
computable convergence moduli. Move-connected fibres convert recognition problems into
bridge-height profiles. Rank-profile compilers convert incidence universality into Murphy-type
fibres of observables. Wild-fibre compilers convert matrix-pair classification into fixed-fibre
classification lower bounds.

The applications show that these mechanisms convert universality and undecidability
phenomena into quantitative statements about mathematical access: singular observable fi-
bres, wild fixed-profile fibres, 3R-complete realization problems, non-computable finite-model
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and Diophantine search profiles, proof-length and Dehn-area explosion, non-computable time
and ambiguity profiles, non-computable finite-window and convergence-modulus bounds, non-
computable observable budgets, and non-recursive navigation heights inside single fibres.

The geometry of access is itself a source of theorems.
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