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Abstract

This note develops a normal-form layer for Presentation Theory. A normal form is
treated not as a privileged representative in isolation, but as a costed access transformation:
it converts raw descriptions into more rigid data while controlling overhead, verification
data, residual fibres, and the observables that survive the transformation. This point of
view gives a calculus of normal-form packages, their composition, observable quotients,
residual decompositions, and lower bounds from separation of budgeted normal images.

The formal results are deliberately elementary but reusable. Bounded compilation
sends bounded raw objects into bounded normal images. Separators of those images give
lower bounds. Observable families and residual equivalence relations form a Galois con-
nection. Residual complexity splits the cost of reconstructing an object into normal data
and fibre data. Fragmented towers may be complete only in a non-effective sense, and
their optimal truncation functions have the same Turing degree as the underlying posi-
tive predicate. In filtered effective systems, computable minimal selectors exist exactly
when bounded presentation is decidable, while computable canonical selectors exist ex-
actly when both bounded presentation and equivalence are decidable. Heighted normal
forms satisfy no-free-normal-form inequalities: bounded normal data and bounded gauges
cannot produce objects of unbounded height, and degenerating normal forms must pay for
the path producing the limit. Rewriting systems supply normal forms when termination,
local confluence, and cost growth are controlled.

The main concrete application is a fixed-gap instability theorem for spectral canonical-
ization. On the orbit of real symmetric matrices with fixed simple spectrum and uniformly
positive eigengap, no global eigenbasis canonicalizer can be continuous. In fact any de-
terministic sign choice has jumps of size approaching 2. The stable replacement is the
projector-valued, or stacky, spectral normal form. This explains, in normal-form language,
why sign- and basis-invariant spectral graph methods are structurally natural: continuous
basis-invariant spectral encodings factor through the relevant projector data.

1 Purpose

The first note on Presentation Theory introduced presentation systems, realization fibres,
observables, verification costs, and basic bounded-image principles. The second note developed
controlled transfer packages: maps that transport access to objects rather than just objects
themselves. This note isolates a third recurring mechanism: normal-form compilation.

Classical normal forms include row echelon form, Smith normal form, reduced words, re-
duced Grobner bases, Jordan form, Chomsky normal form, and canonical graph labels. These
examples suggest a common operation:

raw description — rigid datum.

For Presentation Theory this is not enough. A useful normal form should also say what it
costs, what it verifies, which observables it preserves, what information remains in the residual
fibre, and which lower bounds become visible after normalization.



The guiding principle is:

a normal form is controlled rigidification of access.

This note keeps the framework intentionally modest. It does not claim that every math-
ematical classification problem has a natural normal form, nor that a universal obstruction
method exists. It gives a language for tracking what a normal-form method actually controls.

2 Presentation Contexts and Resource Scales
Definition 2.1 (Resource scale). A resource scale is a preordered commutative monoid
(B,<,+,0).
Its elements are budgets. Typical examples are
N, N", R>o, N x Rx>o.
Maps between resource scales are assumed monotone unless stated otherwise.

Definition 2.2 (Presentation system). A presentation system is a triple
I'=(D,p, k),

where D is a class of descriptions,
p:D—=X

s a realization map into an object class X, and
k:D—B

18 a cost function.

For b € B, define
D=t ={deD:k(d) <b}

and
X5 = p(D=").

When the infimum is meaningful, the presentation complexity of x € X is
Cr(z) = inf{k(d) : p(d) = x}.

The realization fibre of z is

Sp(x) = p~ ' (2).
Definition 2.3 (Presentation context). A presentation context is a tuple
B = (L),

where I" is a presentation system, €1 is a chosen family of observables on the realized object class,
and L is a language of properties, tests, or predicates interpreted through the presentation.

Observables may also be costed. We write Q=" for observables of budget at most r. Their
common fibres record the information invisible at that observational budget.



3 Normal-Form Packages
Definition 3.1 (Normal-form package). Let
I'o = (Do, po, ko),  T't = (D1, p1,k1)
be presentation systems. A normal-form package
N :Ty~Tq
consists of:

(i) a compilation relation
Compys(d,n,v),

where d € Dy, n € D1, and v is verification data;

(ii) a verification procedure
Checkpr(d,n,v) € {0,1};

(iii) comparison maps
Py =Y,  On:d =)

(iv) monotone overhead functions controlling normal size and verification cost;
(v) optionally, residual extraction and assembly data.

The package is sound if
Compy(d,n,v) = On(p1(n)) = Pn(po(d)).
It is verifiably sound if
Checkpy(d,n,v) =1 =  Opn(p1(n)) = Par(po(d)).

Definition 3.2 (Completeness up to overhead). A normal-form package is complete up to
overhead far if, for every d € Dy with ko(d) < b, there exist n and v such that

COIIle(d, n, V), K/l(n) < fN(b)a
with verification data and verification time bounded by the declared overhead functions.

Definition 3.3 (Profiles). The normal-size profile is

Fp(b) = sup inf{xq(n):3v, Compy(d,n,v)}.
Ko (d)<b

The verification-data profile is

Vi (b) = sup inf{|y|:3In, Comp,(d,n,v)}.
ko(d)<b

The verification-time profile is defined similarly. If residual data are present, one also records

a residual profile

Rpr(b) = sup Cial(d | n),
Ko (d)<b

where n ranges over normal data for d.



4 Modes of Normality

Different normal forms preserve different parts of an object.

Definition 4.1 (Representative normal form). A representative normal form preserves the
object itself:
p1(n) = po(d).

Definition 4.2 (Observable normal form). An observable normal form preserves a declared
family of observables. For each w € S, there is an induced observable a,, on normal data such
that

w(po(d)) = aw(n)

on compiled pairs.

Definition 4.3 (Relative normal form). Given a map q : X — Y, a relative normal form
records a base datum q(x) and leaves the remaining information in the fibre over q(x).

Definition 4.4 (Stratified and stacky normal forms). A stratified normal form first assigns
a stratum and then normalizes within that stratum. A stacky normal form records a datum
only up to a groupoid of choices. In practice this means that a stable normal form may be
a quotient datum together with a residual torsor or gauge group, rather than a single global
representative.

Definition 4.5 (Fragmented normal form). A fragmented normal form is a tower
NOaNlaNQV ..

whose union is complete, while the required truncation level may be hard or impossible to bound
effectively.

5 Basic Calculus
Theorem 5.1 (Bounded normal image). Let
N :To~Ty
be a representative normal-form package with overhead f. Then
x5 Azl
More generally, if N is observable and w o pg = ay, o py on compiled data, then

W(XE) C au (x5,

Proof. If x € XFSOb, then z = po(d) for some d with ko(d) < b. By completeness, d compiles
to n with k1(n) < f(b). In the representative case, p1(n) = x, so x € Xrglf(b). The observable
statement follows by applying the factorization identity. O

Corollary 5.2 (Normal-image obstruction). Let 6 : X1 — Z be an invariant or observable on
the normal side. Define
Swa(b) = 0(x).
If
0(x) ¢ Snp(b),

then = ¢ Xéb. Equivalently, Cr,(x) > b.



Proof. This is the contrapositive of the bounded normal-image theorem. O

Theorem 5.3 (Composition). Suppose

NOl Nl2
~S

Iy 'y~ Ty

are normal-form packages with overheads fo1 and fi3. Their composite has overhead

foz = fiz2 0 fo1.

Verification-data and verification-time profiles compose by concatenating the corresponding ver-
ification data and adding the compatibility cost.

Proof. For ko(d) < b, choose a compiled normal datum n; with x1(n1) < foi1(b). Apply the
second package to ni, obtaining no with

k2(n2) < fi2(fo1 (D))

The verification data consist of the two verification records together with the data checking
that the output of the first compilation is an admissible input for the second. O

Remark 5.4 (Products, restrictions, and quotients). Product normal forms combine several
normal data. Restriction to a subclass may improve overhead. Quotient normal forms in-
tentionally discard information, lowering cost at the price of enlarging residual fibres. These
operations are often more useful than a search for a single complete representative.

6 Observable Quotients and Residual Fibres
Let € be a family of observables on X'. Define
rr~qy <= w(x) =w(y) for every w e .

The quotient
Qo =X/~q

is the universal normal datum preserving all observables in 2.

Definition 6.1 (Residual relation). For a family €2, define
Res(Q) = {(z,y) : w(z) =w(y) forall we Q}.
For a relation R C X x X, define
Obs(R) = {w : w(z) = w(y) whenever zRy}.

Proposition 6.2 (Observable-residual Galois connection). For every observable family 2 and

relation R,
Q2 CObs(R) <= R CRes(Q).

Proof. The left-hand side says that every observable in 2 is constant on every R-pair. This is
exactly the statement that every R-pair lies in the residual relation induced by 2. O

Definition 6.3 (Residual fibre). Let N : X — Y be a normal datum map. The residual fibre
over y € Y is
Resy(y) = N7 (y).
For x € X, write
Resy(z) = Resy (N(x)).



Theorem 6.4 (Residual decomposition). Assume that a normal form has controlled extraction
z = (N (2),72)

and controlled assembly
Asm(N(z),ry) =z,

with assembly cost bounded by
rx(z) < A(En(N(2)), Frel (7))

Then
Cx(z) < A(CN(N(2)), Crei(@ | N(2))).

Conversely, if extraction from any raw description of x produces descriptions of N(zx) and r,
with costs bounded by e1 and ea, then

Cn(N(z)) <ei1(Cx(2)), Gl | N(z)) < ea(Cx(z)).

Proof. The upper bound follows by assembling near-optimal descriptions of the normal da-
tum and the residual datum. The two reverse inequalities follow by applying the extraction
procedure to a near-optimal raw description of x. ]

Proposition 6.5 (Residual entropy). Let S C X be finite. For any normal map N : S —
N(S),
log |S| <log |N(S)| + max log|Resy(y)NS].
yeEN(S)

Proof. The fibres of N partition S, hence

81 < INS)] - max | Res (y) 01.S].

Taking logarithms gives the claim. O

7 Separators and Lower Bounds

Normal forms are useful for lower bounds when their bounded images can be separated.
Let N : T’y ~ I'1 be a normal-form package. Define the budgeted normal image

Sy ={n €D :3d,v, ko(d) <b, Compy(d,n,v)}.
Definition 7.1 (Separator). A separator for Sy is a function
s: D1 — P
into a pointed preordered set (P,0) such that
s(n) =0 for every n € Sy p.

Theorem 7.2 (Separator lower bound). Let s be a separator for Sxp. If an object x has
normal datum n, and
s(ng) >0,

then
CFO (33) > b.



Proof. If Cr,(z) < b, then some bounded raw description of  compiles to an element of Sy
representing the same normal datum as n,. Since s vanishes on the budgeted image, this
contradicts s(ngz) > 0. O

Definition 7.3 (Separation cost). The separation cost of proving the lower bound for x at
budget b through N is

C’é\efp(m,b) = inf{x(s) + || : s(nz) >0, n verifies s|s,,, = 0}.

Thus a normal form may be conceptually perfect and still methodologically weak if the
relevant bounded normal image is hard to separate. This is a genuine boundary of the method:
algebraic non-membership, convex separation, integer programming, rigidity, and proof com-
plexity reappear as domain-specific separation problems.

8 Fragmented and Effective Normal Forms

Many normal forms are complete only as an increasing tower. The following elementary
theorem records the effective obstruction.
Let P C ¥* be a predicate with decidable fragments

Py CP<i C P C -

such that
pP=JPs.
r>0
For xz € P, set
wp(z) =min{r : z € P<,}.

For finite balls, define
Wp(n) = max{wp(x) : x € P, |z| < n}.

Theorem 8.1 (Fragmented degree theorem). Assume finite alphabets, decidable fragments
P<,, and finite balls {|x| < n}. Then

Wp =7 P.
Consequently, if P is undecidable, then Wp has no computable total majorant.

Proof. First, P <p Wp. Given x with |z| = n, compute Wp(n) using the oracle, then decide
whether

S PSWP(TL)'

This works because Wp(n) dominates the minimal fragment level of every positive instance of
length at most n.

Conversely, Wp <7 P. Given n, enumerate all words of length at most n. Use the oracle
for P to identify the positive instances. For each positive instance x, search over r = 0,1,2,...
until € P<,. This terminates by assumption. Taking the maximum gives Wp(n).

If Wp had a computable total majorant g, then membership in P would be decidable by
testing x € Pcy(jq)), contradicting undecidability. O

This theorem applies to fragmented normal-form towers, bounded proof search, bounded
saturation, bounded finite quotient search, and bounded observable towers. Its content is not
that the tower is useless, but that completeness may require a non-computable truncation
function.



9 Minimal and Canonical Selectors

Part I attaches two decision problems to a filtered effective presentation system
I'=(D,k, (E)).
The bounded-presentation problem Pr asks whether the E-class of d meets the finite cost ball
D<j. The equivalence problem FQr asks whether two descriptions lie in the same E-class.
Definition 9.1 (Minimal selector). A minimal selector for " is a map
N:D—D
such that, for every d € D,
N(d) Ed, k(N (d)) = Cr(d).
It chooses a cheapest representative of the represented object, but it need not choose the same
representative on equivalent inputs.

Definition 9.2 (Canonical minimal selector). A canonical minimal selector is a minimal
selector N : D — D such that, for all d,e € D,

dEe <= N(d)= N(e).
It is a complete normal form with minimal presentation cost.
Theorem 9.3 (Selector criterion). For a filtered effective presentation system:

(i) a computable minimal selector exists if and only if Pr is decidable;

(i) a computable canonical minimal selector exists if and only if Pr and EQr are both

decidable.

Proof. Assume first that Pr is decidable. By Part I, Cr is computable. Given d, compute
¢ = Cr(d), enumerate the finite set D<., and search through stages t = 0, 1,2, ... until some
e € D« satisfies d E; e. Such an e exists by definition of c¢. The first such e gives a computable
minimal selector.

Conversely, if a computable minimal selector N exists, then

Cr(d) = r(N(d))

is computable, so Pr is decidable.

For the canonical statement, assume Pr and EQr are decidable. Given d, compute ¢ =
Cr(d), enumerate D<., and choose the lexicographically least e € D<. such that e E'd. This is
computable because FQr is decidable. Equivalent inputs have the same finite set of cheapest
representatives, hence the same chosen representative; non-equivalent inputs cannot choose
the same representative. Thus the selector is canonical.

Conversely, if N is a computable canonical minimal selector, then Cr(d) = s(N(d)) is
computable, so Pr is decidable. Moreover,

dEe <= N(d)= N(e),
and equality of finite strings is decidable. Hence EQr is decidable. O

Remark 9.4 (Why this belongs to normal-form theory). A cost-controlled compiler can pro-
duce useful representatives without resolving the whole equivalence relation. A minimal selector
solves the optimization part of normalization. A canonical selector solves both optimization
and classification. The theorem says exactly which effective decision problems are hidden in
those two forms of normal access.



10 Heighted and Degenerating Normal Forms

Normal-form compilation often interacts with arithmetic height. A normal form may be
formally available, yet any representative realizing it may require large gauge data, large
coefficients, or a high-complexity degeneration path. The following abstract package isolates
the reusable mechanism.

Definition 10.1 (Heighted normal-form package). A heighted normal-form package consists
of projective varieties

G, N, X

over Q, height functions
hG7 hN7 hX

coming from fixed projective embeddings, and a rational action or realization map
a:GxN --» X.

The space G is the gauge space, N 1is the normal-data space, and X is the object space. On
each declared chart of the domain of a, the coordinate functions of a are represented by biho-
mogeneous forms of bidegree

(6c,0N)-
A representation of x € X is a pair (g,n) in the declared domain with
z = a(g,n).

Its normal-form cost is
NFy(x;9,n) = 0cha(g) + dnhn(n),

and the minimal cost is the infimum over all such representations.

Theorem 10.2 (No free heighted normal forms). For every heighted normal-form package H,
there is a constant Cy, depending only on the chosen charts and coordinate forms, such that

hx(a(g,n)) < dcha(g) + onhn(n) + Cy
for every declared representation (g,n). Consequently,
dcha(g) = hx(x) —dnhn(n) — Cy
whenever x = a(g,n).
Proof. Choose projective coordinates on G, N, X. On a declared chart write
a(g,n) = [Fo(g,n) : -+ Fu(g,n)],

where the F; are bihomogeneous of bidegree (4, dn) and do not vanish simultaneously on the
domain. The standard multihomogeneous height estimate gives

hx(a(g,n)) < dgha(g) + onhn(n) + h(F) + C,

where F' denotes the fixed tuple of coordinate forms. Absorb the fixed terms into Cy, and
rearrange. O



Corollary 10.3 (Bounded normal data force high gauge). If x = a(g,n) and hy(n) < By,

then
hx(.%') — 5NBN — C’H

e
Thus objects of unbounded height cannot be produced using both bounded-height normal data
and bounded-height gauges.

ha(g) =

Definition 10.4 (Degenerating normal-form representation). Fiz a projective compactification
G. A degenerating normal-form representation of x € X is a pair (y,n), where

v: Pl G
s a homogeneous algebraic path of degree D and

7 = lim a(4(1), )

exists in X . Its degenerating cost has the form
DNFy (2;7,n) = dch(y) + dnhn(n) + Clog(D + 2),
with C' depending only on the package.

Theorem 10.5 (No free degenerating normal forms). For every heighted normal-form package
there is a constant Cy such that every degenerating representation (vy,n) of x satisfies

hx(l‘) < 5gh(’}/) + 5NhN(n) + Cy log(D + 2) + Cy.

Equivalently,
dch(v) 4+ Cylog(D 4 2) > hx(x) — dnhn(n) — Cy.

Proof. Write the path as
5= [Lo(S,T) -+ 5 Ty(S,T)]

with homogeneous coordinate forms of common degree D. Substitute these forms into the
bihomogeneous coordinate tuple defining a. The coefficients of the resulting homogeneous
forms are sums of products involving da coefficients from ~y, dn coordinates from n, and fixed
coefficients of the map a. The number of summands is polynomial in D, so the logarithmic
height of the substituted tuple is bounded by

dah(y) + onhn(n) + O(log(D +2)) + O(1).

Passing to the limit at £ = 0 amounts to taking the first nonzero coefficient vector after
removing a common vanishing order. This operation does not increase the height beyond the
coefficient-height bound up to a fixed additive constant. The displayed estimate follows. [

Definition 10.6 (Height-controlled section). Let
qg: X% - M
be a quotient, moduli, or orbit-class map. A rational section
s:U --» X%¢
over U C M is height-controlled if there are constants As, Bs such that
hx(s(m)) < Asha(m) + Bs

for all m in the declared domain.

10



Theorem 10.7 (Representative-moduli gap). Let a : G x X --+ X be a heighted gauge action
of bidegree (0G,dx), and let s be a height-controlled section of q : X% — M. If

r = a(g,s(q())),

then
hx(z) < daha(g) + dx Ashm(g(z)) +O(1).
Consequently,
hx(x) — dxAshm(g(z)) — O(1)
el ’

ha(g) >

Proof. Apply the no-free heighted normal-form inequality to

r = a(g,s(q(x))).

The height-controlled section bounds hx(s(¢(x))) by Asha(g(z)) + Bs. Substitute and rear-
range. [

Proposition 10.8 (Controlled transfer of heighted normal forms). Let Hp and H¢ be heighted
normal-form packages. Suppose rational maps

Ta:Gp --» GQ, Ty :Np--+ NQ, Tx : Xp --» XQ
intertwine the realization maps:

Tx(ap(g,n)) = ag(Tc(g), Tn(n)),

and suppose Tg, TN control heights linearly up to additive constants. Then the minimal
heighted normal-form cost in Hg is bounded above by an affine function of the minimal heighted
normal-form cost in Hp.

Proof. Choose a representation x = ap(g,n). The intertwining identity gives a representation
of Tx (x) in Hg. The height bounds for T and Ty control its (Q-cost by an affine function of
the P-cost of (g,n). Taking the infimum over all P-representations of x gives the claim. ]

11 Rewriting and Saturation

Rewriting systems are a standard source of normal forms. The presentation-theoretic point is
to keep the cost growth visible.

Definition 11.1 (Costed rewriting system). A costed abstract rewriting system consists of
data
(D7%7p7 /{’ h70-)

such that
d—se = pld)=ple),

h(e) < h(d),

and
r(e) < o(k(d)).

Here h is a termination height and o controls cost growth.

11



Theorem 11.2 (Budgeted Newman principle). Suppose the rewrite system is terminating by
h, locally confluent, and h(d) < H(k(d)). Then each d has a unique normal form in its rewrite
component. If k(d) < b, the normal form has cost at most

o) (p).

If each rewrite step has verification data of cost at most ¢(b), the full verification data have

cost at most
H(b) - c(a"O(b)).

Proof. Termination and local confluence imply confluence by Newman’s lemma, so each rewrite
component has a unique normal form. Any reduction path has length at most H(b). Iterating
the one-step cost bound gives o) (b). Concatenating the stepwise verification data gives the
displayed verification bound. O

12 The Normal-Form Landscape

It is useful to organize normal-form packages for a fixed presentation system without pretend-
ing that this organization is automatically a rigid geometric object.

Definition 12.1 (Normal-form landscape). For a presentation system I', the normal-form

landscape
NFLand(T")

is the collection of normal-form packages out of I', considered up to mutual simulation with
declared overhead.

There is a natural domination relation:
M=N

if the normal data of N can be computed from the normal data of M with controlled overhead.
In this case M is at least as informative as N.
The landscape contains overlapping regions:

representative, observable, relative, stratified, stacky, approximate, fragmented.

One may also study Pareto-optimal normal forms with respect to informativeness, cost, veri-
fication, residual size, and separation cost.

Remark 12.2. The purpose of the landscape language is bookkeeping. It is a way to compare
normalizers, not a claim that every presentation system comes with a canonical spectrum. In
examples with additional topology, category theory, or sheaf structure, one can enrich this
bookkeeping into a more geometric object.

13 Local Normal Forms and Descent Obstructions

Many normal forms exist only locally. Eigenvector choices, gauge choices, coordinate gauges,
local trivializations, and normal forms by strata all have this flavour.
Assume a space or groupoid of objects X is covered by regions

X =

12



and that on each U; there is a local normal-form package
N Ui ~ T;.

On overlaps U;; = U;NUj, transition data compare T; and 7. On triple overlaps, the failure of
the transitions to compose strictly lies in an automorphism sheaf or groupoid of local normal
data.

Proposition 13.1 (Descent obstruction, schematic form). In a setting where the local normal
data form a sheaf or stack with transition data g;;, a strict global normal form compatible with
the local ones exists only if the corresponding descent obstruction vanishes. In the abelian sheaf
case this obstruction is represented by a Cech cocycle; in the nonabelian case it is represented
by a gerbe-type class.

Proof. This is the standard descent criterion for gluing local objects with transition functions.
If the cocycle is a coboundary, local gauge corrections make the transitions compatible and
the local data glue. If it is not a coboundary, no strict global object with those transition data
exists. O

This section is included to locate normal forms with unavoidable choices. The spectral
application below is the simplest case: local eigenvector choices exist, but global continuous
sign choices do not.

14 Spectral Canonicalization

We now give a concrete application. It concerns spectral graph methods, eigenvector positional
encodings, and the instability of global eigenbasis choices.
Let

Sym
be the space of real symmetric N x N matrices. Fix real numbers
M <Ay << AN

with
)\i+1_/\i25>0-

Define the fixed-spectrum orbit
Oy = {Qdiag(\,...,. \n)QT : Q € O(N)}.
Every matrix in Oy has simple spectrum and eigengap at least §.
Definition 14.1 (Eigenbasis canonicalizer). An eigenbasis canonicalizer is a map
C:0\,— O(N)

such that
AC(A) = C(A)diag(A1,...,AN).

The columns of C(A) are ordered unit eigenvectors. Since every eigenspace is a line, such a
map 1s precisely a global sign choice for the ordered eigenline decomposition.

13



Theorem 14.2 (Fixed-gap spectral canonicalization instability). For N > 2, no eigenbasis
canonicalizer

C': 0y — O(N)

can be continuous.
More strongly, for any deterministic eigenbasis canonicalizer C, even if discontinuous,
there exist matrices
A, — A

inside Oy, all with eigengap at least §, such that for some eigenvector index i,
[[ui(Am) —ui(A)] = 2,

where u;(A) is the i-th column of C(A). Consequently no global eigenbasis canonicalizer can be
uniformly continuous, Holder continuous, or Lipschitz on the fized-gap simple-spectrum orbit.

Proof. It is enough to restrict to a two-dimensional rotation. Let
cosf —sind
Ry = (sin@ cos 6 > '

A0
0 A

For 6 € [0, ], define

Ag = Ry ( )Rg@diag(Ag,...,AN).

Then Ay = A, because R; = —I5. All matrices Ay lie in O), and all have the same eigengap.

The first eigenline of Ay is [Rge1]. As 6 runs from 0 to 7, this line gives the standard
nontrivial loop in RP!. A continuous choice of unit eigenvector would lift this loop through
the antipodal covering

s — RP.

Starting at eq, the lifted path ends at —eq, not at e;. But Ay = Ay, so a single-valued contin-
uous canonicalizer would require the endpoint to equal the starting value. This contradiction
proves non-existence of a continuous C.

For the stronger statement, restrict any deterministic canonicalizer to the first eigenline
along the same projective loop. It gives a section of the double cover S — RP!. Since no
continuous section exists, the section is discontinuous somewhere. At a discontinuity, choose
a convergent sequence of eigenlines £,,, — £. Passing to a subsequence, the chosen unit vectors
converge to the opposite sign of the chosen vector over £. Hence the norm difference tends to
2. Realizing these eigenlines by matrices in Oy gives the required sequence. O

14.1 Stable replacement

The complete eigenbasis datum

is a set-theoretic normal form on the simple-spectrum orbit, but it is not stable. The stable

normal form is instead

The residual fibre is the sign torsor {£1}". If eigenvalues have multiplicities my, the stable

datum is
Ar— {()\,P)\)})\,

and the residual gauge group is

[To@my).
A

This is a stacky normal form.

14



Theorem 14.3 (Universal projector factorization). Let St(m, N) be the Stiefel manifold and
Gr(m, N) the Grassmannian. Let

7 : St(m, N) — Gr(m, N), U—UUT
be the quotient map. IfY is a topological space and
F:St(m,N) =Y
is continuous and right O(m)-invariant, then there is a unique continuous map
F:Gr(m,N) =Y

such that N
F=Fom.

Proof. The map 7 is the quotient map for the free right action of O(m) on St(m, N). Since
F is constant on O(m)-orbits, it factors uniquely through the quotient. Continuity of the
induced map follows from the universal property of quotient maps. O

Thus projector-valued spectral normal forms are not just a convenient workaround. They
are universal among continuous basis-invariant encodings. In graph-learning language, sign-
and basis-invariant spectral methods align with the stable normal form, while complete eigen-
basis canonicalization crosses a topological obstruction to global stability.

15 Further Templates

This section records several patterns already used elsewhere in this collection. They are
not presented as new applications here; their role is to show how the normal-form language
organizes existing arguments.

15.1 Sparse factorization

A local linear data structure for a workload matrix A € F™*" with storage s, query locality
q, and update locality u, can be normalized to a factorization

A= RM,

where R € F™*5, M € F**" each row of R has support at most ¢, and each column of M
has support at most u. The budgeted normal image is the set of such sparse factorizations.
Any separator proving that A is outside that image gives a lower bound for the original data-
structure presentation.

15.2 Boolean lifts

For a Boolean function f : {0,1}" — {—1,1}, a polynomial lift model may impose a co-
efficient alphabet, a degree bound, height bounds, sparsity bounds, or homogeneity. The
finite-difference or Mobius coeflicient vector is a normal datum. The lift model imposes lattice
and capacity constraints on this datum. Lower bounds become lattice-capacity separation
problems.
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15.3 Algebraic proof degree
A static algebraic proof identity

h = Zgifi

with degree bound deg(g;f;) < D can be normalized to homogeneous membership
xg)_deghhh e J

The obstruction is torsion in
(J:x5°)/J.

Thus proof-degree lower bounds become separation problems in a filtered homogeneous mod-
ule.
15.4 Class-two p-groups

For special class-two exponent-p groups, the commutator is an alternating bimap
B: AV — W.

Words admit a linear-quadratic normal datum, and ordinary word-measure observables factor
through rank-profile data such as
A — rank(\ o f3).

Large residual fibres of this observable quotient produce non-isomorphic groups indistinguish-
able by the chosen observables.

16 Endpoint

The framework reaches a real boundary: a normal-form package can expose a budgeted image,
and it can identify the normal datum whose membership must be tested, but it cannot auto-
matically produce the optimal separator in every domain. The hard mathematics reappears
in the separation problem.

The practical value is therefore diagnostic. A normal-form analysis tells us:

what was rigidified,
what remains in the residual fibre,
what the verification data control,
which observables are preserved,
and what must be separated to prove a lower bound.
17 Conclusion
This note replaces the question
“what is the normal form?”

with the more structured question

“what normal forms exist, what do they preserve, what do they lose,

what do they cost, and what can they separate?”
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The answer is a normal-form calculus:

normal datum + verification data + residual fibre + separator + descent obstruction.

The spectral application shows the calculus at work. Complete eigenbasis data exist set-
theoretically on the simple-spectrum locus, but no global stable eigenbasis canonicalizer exists
even under a fixed eigengap. The stable normal form is projector-valued and stacky. Nor-
malization does not remove complexity; it redistributes it among rigid data, residual fibres,
choices, verification data, and separation cost.
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