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Abstract

Let v ∈ Zd+1
prim be a primitive integer vector, regarded as a rational point [v] ∈ Pd(Q). We

study the lattice of homogeneous integer linear relations

Λv = {a ∈ Zd+1 : a · v = 0}

and the affine lattice of Bezout certificates

Bv = {w ∈ Zd+1 : v · w = 1}.

The lattice Λv has rank d and covolume |v|2, so the natural scale for both short relations
and short Bezout certificates is |v|1/d

2 .
We first prove an elementary sharp threshold theorem: for almost all primitive vectors

v ∈ Zd+1 with |v|2 ≤ R,

λ1(Λv) = R1/d+o(1).

Equivalently, a typical rational point of height R satisfies no rational hyperplane relation of
height < R1/d−o(1), while every point satisfies one of height Od(R1/d).

We then use the equidistribution theorem of Horesh and Karasik for primitive vectors, or-
thogonal lattices, and shortest solutions to the gcd equation. Their theorem implies that the
normalized relation lattices

Λ̂v = |v|−1/d
2 Λv

equidistribute in the corresponding space of unimodular Euclidean lattice shapes. Conse-
quently, the successive minima of Λv, after normalization by |v|1/d

2 , have the limiting law of the
successive minima of a Haar-random unimodular d-lattice.

Finally, we translate these facts into finite-height Kolmogorov deficiency. For an integer
R ≥ 1, set

Vd+1(R) = {v ∈ Zd+1
prim : 0 < |v|2 ≤ R}

and

δ(v; R) = log2 |Vd+1(R)| − K(v | d, R).

If

λ1(Λv) ≤ t|v|1/d
2

for t ∈ Q>0, then at continuity points of the limiting distribution,

δ(v; R) ≥ − log2 Fd(t) − K(t) − Od(1) − oR(1),
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where Fd(t) is the Haar probability that a unimodular d-lattice has a nonzero vector of length
at most t. For d ≥ 2,

Fd(t) ∼ vol(Bd)
2ζ(d)

td (t ↓ 0),

so an anomalously short relation forces approximately d log2(1/t) bits of Kolmogorov de-
ficiency, up to the cost of describing t. We also record the corresponding Bezout-certificate
consequence of the Horesh-Karasik shortest-solution theorem.

1 Introduction
A rational point

x = [x0 : · · · : xd] ∈ Pd(Q)

may be represented by a primitive vector

v = (x0, . . . , xd) ∈ Zd+1
prim,

unique up to sign. A rational hyperplane through x is given by a nonzero vector

a = (a0, . . . , ad) ∈ Zd+1

such that

a · v = 0.

Thus the set of all rational hyperplane relations through x is encoded by the lattice

Λv = v⊥ ∩ Zd+1.

This paper studies Λv from three viewpoints.
First, Λv is a geometry-of-numbers object. It has rank d and covolume |v|2, so one expects its

shortest nonzero vector to have length about |v|1/d
2 . We prove the almost-everywhere threshold

λ1(Λv) = R1/d+o(1)

for primitive vectors v with |v|2 ≤ R. This is an elementary result obtained from Minkowski’s
theorem and a counting argument.

Second, Λv has a limiting random-lattice profile. The deep input is a theorem of Horesh and
Karasik, who prove joint equidistribution of primitive vectors, their orthogonal lattices, and shortest
solutions to the gcd equation. We use their result as an external theorem. It implies that the
normalized relation lattices

Λ̂v = |v|−1/d
2 Λv

equidistribute in the natural homogeneous space of unimodular lattice shapes. Hence successive
minima, covering radius, and other orthogonally invariant lattice-shape statistics of Λv have limiting
distributions.

Third, Λv has an algorithmic interpretation. A short vector in Λv is a short linear explanation
of the rational point [v]. We define the finite-height Kolmogorov deficiency
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δ(v; R) = log2 |Vd+1(R)| − K(v | d, R),

where

Vd+1(R) = {v ∈ Zd+1
prim : 0 < |v|2 ≤ R}

and R ∈ N. A vector has small deficiency if it is algorithmically typical inside the height ball.
We show that cusp events of the relation lattice, such as having an anomalously short relation,
force Kolmogorov deficiency. This is an arithmetic instance of the two-part coding principle from
algorithmic statistics: membership in a small, effectively specified model gives a shorter description.

Finally, for primitive v, the equation

v · w = 1

has integer solutions. Such a w is a Bezout certificate that

gcd(v0, . . . , vd) = 1.

The length of the shortest such certificate is governed by the same scale |v|1/d
2 , and Horesh-

Karasik’s theorem gives its limiting distribution after the appropriate normalization. Thus linear
explanations and certificates of primitivity are controlled by the same random-lattice profile.

The contribution of this paper is not a new homogeneous-dynamics equidistribution theorem.
That input is due to Horesh and Karasik. Rather, we isolate the relation-lattice profile of rational
points, prove the elementary sharp threshold for the shortest relation, and derive finite-height
Kolmogorov-deficiency consequences from the random-lattice limit.

2 Primitive vectors and relation lattices
Fix d ≥ 1, and put

N = d + 1.

For an integer R ≥ 1, define

VN (R) = {v ∈ ZN
prim : 0 < |v|2 ≤ R}.

It is classical that

|VN (R)| ∼ vol(BN )
ζ(N)

RN .

For v ∈ ZN
prim, define the relation lattice

Λv = {a ∈ ZN : a · v = 0}.

It is a lattice of rank N − 1 = d in the Euclidean hyperplane v⊥.
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Lemma 2.1. For primitive v ∈ ZN ,

covol(Λv) = |v|2.

Proof.
The homomorphism

φv : ZN → Z, a 7→ a · v,

is surjective because v is primitive. Its kernel is Λv. The covolume of this kernel in v⊥ is the
Euclidean norm of the primitive normal vector v. Hence

covol(Λv) = |v|2.

□
Define the normalized relation lattice

Λ̂v = |v|−1/d
2 Λv.

This has covolume 1. Since it lives in v⊥, one must choose an isometry

v⊥ ' Rd

to view it as a unimodular lattice in Rd. The resulting lattice shape is independent of this choice
up to orthogonal transformation, and all statistics used in this paper are orthogonally invariant.

Let

λ1(v) ≤ · · · ≤ λd(v)

be the successive minima of Λv with respect to the Euclidean norm.

3 The elementary threshold for the shortest relation
The first result is independent of Horesh-Karasik.

Theorem 3.1. For every ε > 0,

|{v ∈ VN (R) : λ1(v) ≤ R1/d−ε}|
|VN (R)|

−→ 0.

Moreover, for every v ∈ VN (R),

λ1(v) �d R1/d.

Consequently, for almost all v ∈ VN (R),

λ1(v) = R1/d+o(1).

Proof.
The upper bound follows from Minkowski’s theorem. By Lemma 2.1,

covol(Λv) = |v|2 ≤ R.
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Since Λv has rank d, Minkowski’s theorem gives

λ1(v) �d R1/d.

For the lower bound, let A ≤ R. We count primitive v ∈ VN (R) for which there exists a nonzero
a ∈ ZN with

|a|2 ≤ A and a · v = 0.

For fixed primitive a, the lattice

a⊥ ∩ ZN

has rank d and covolume |a|2. By the standard Lipschitz principle applied to this lattice,

|{v ∈ ZN : |v|2 ≤ R, a · v = 0}| �d
Rd

|a|2
+ Rd−1.

Indeed, the main term is the volume of the d-dimensional section divided by the covolume |a|2,
and the boundary contribution is Od(Rd−1).

Summing over primitive a with 0 < |a|2 ≤ A, and using that the number of integer vectors with
Euclidean norm in [r, r + 1] is Od(rd), we get

�d Rd
∑
r≤A

rd−1 + Rd−1Ad+1 �d RdAd + Rd−1Ad+1.

For A ≤ R, this is

�d RdAd.

Since

|VN (R)| �d Rd+1,

we obtain

P(λ1(v) ≤ A) �d
Ad

R
.

Taking

A = R1/d−ε

gives

P(λ1(v) ≤ R1/d−ε) �d R−dε,

which tends to 0. □
Thus the exponent 1/d is sharp for the shortest rational hyperplane relation.

4 Orthogonal-lattice equidistribution
Let Ld denote the space of unimodular Euclidean lattice shapes of rank d, equipped with its Haar
probability measure µd. We use the following consequence of the theorem of Horesh and Karasik.

5



Theorem 4.1. Horesh-Karasik input. As R → ∞, the normalized orthogonal lattices

Λ̂v = |v|−1/d
2 Λv, v ∈ VN (R),

equidistribute in Ld. Equivalently, for every bounded continuous orthogonally invariant func-
tion F on the space of unimodular d-lattices,

1
|VN (R)|

∑
v∈VN (R)

F (Λ̂v) −→
∫

Ld

F (Λ) dµd(Λ).

Horesh and Karasik prove a stronger joint equidistribution theorem involving the direction of
v, the orthogonal lattice, and shortest solutions to the gcd equation. We use only the lattice-shape
and shortest-solution consequences.

Corollary 4.2. Successive minima law. At every continuity point of the limiting distribution,(
λ1(v)
|v|1/d

2
, . . . ,

λd(v)
|v|1/d

2

)
converges in distribution to

(λ1(Λ), . . . , λd(Λ)) ,

where Λ is a Haar-random unimodular d-lattice.
In particular, for every ε > 0,

λi(v) = |v|1/d+o(1)
2 (1 ≤ i ≤ d)

for almost all v ∈ VN (R).
Proof.

The successive minima are measurable and continuous outside a µd-null set. The assertion
follows from Theorem 4.1 and the continuous mapping theorem. □

This gives the full independent-relation profile of a typical rational point.

5 The shortest-relation distribution
Let

Fd(t) = µd{Λ ∈ Ld : λ1(Λ) ≤ t}.

Corollary 5.1. For every continuity point t > 0 of Fd,

lim
R→∞

|{v ∈ VN (R) : λ1(v) ≤ t|v|1/d
2 }|

|VN (R)|
= Fd(t).

For d ≥ 2,

Fd(t) ∼ vol(Bd)
2ζ(d)

td (t ↓ 0).

Proof.

6



The convergence statement is the first-minimum case of Corollary 4.2.
For the small-t asymptotic, use the standard cusp estimate for the space of unimodular lattices.

By Siegel’s mean value theorem, the expected number of primitive lattice vectors in the Euclidean
ball of radius t is

vol(Bd)
ζ(d)

td.

For t ↓ 0, Rogers’ second moment estimate implies that the probability of two independent
primitive vectors in the ball is Od(t2d). Since primitive vectors occur in pairs ±u, the probability
of a nonzero vector of length at most t is therefore

vol(Bd)
2ζ(d)

td + o(td).

□

6 Kolmogorov deficiency and short relations
Fix a universal prefix-free Turing machine. For integer R ≥ 1, define

δ(v; R) = log2 |VN (R)| − K(v | N, R).

We first record the precise coding lemma used below.

Lemma 6.1. Coding lemma. Let (ER)R∈N be a uniformly decidable family of finite subsets

ER ⊆ VN (R).

Then for every v ∈ ER,

K(v | N, R, E) ≤ dlog2 |ER|e + O(1),

where E denotes the fixed algorithm deciding and enumerating ER.
If ER = ER(τ) depends on a finite parameter τ , then

K(v | N, R) ≤ K(τ) + dlog2 |ER(τ)|e + ON (1).

Proof.
Given N, R, the enumeration algorithm, and the index of v in a canonical enumeration of ER,

the decoder recovers v. The index costs

dlog2 |ER|e + O(1)

bits. If the family depends on a parameter τ , include a prefix-free description of τ . □
Let t ∈ Q>0, and define

ER(t) = {v ∈ VN (R) : λ1(v) ≤ t|v|1/d
2 }.

Since t ∈ Q>0, the set ER(t) is uniformly decidable from N, R, t. Indeed, one enumerates all
a ∈ ZN satisfying

|a|2 ≤ tR1/d
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and checks whether a · v = 0 for some nonzero a. Equivalently, to avoid radicals, compare

|a|2d
2 ≤ t2dR2

after clearing denominators.

Theorem 6.2. Deficiency law for short relations. Let t ∈ Q>0 be a continuity point of Fd.
If

v ∈ ER(t),

then

δ(v; R) ≥ − log2 Fd(t) − K(t) − Od(1) − oR(1).

For d ≥ 2, as t ↓ 0 through positive rationals at continuity points of Fd,

λ1(Λv) ≤ t|v|1/d
2

forces

δ(v; R) ≥ d log2(1/t) − K(t) − Od(1) − ot(1) − oR(1).

Proof.
By Lemma 6.1,

K(v | N, R) ≤ K(t) + log2 |ER(t)| + Od(1).

Thus

δ(v; R) ≥ − log2
|ER(t)|
|VN (R)|

− K(t) − Od(1).

By Corollary 5.1,

|ER(t)|
|VN (R)|

→ Fd(t),

which gives the first assertion. The small-t estimate follows from

Fd(t) ∼ vol(Bd)
2ζ(d)

td.

□
This theorem says that cusp excursions of the relation lattice are finite-height Kolmogorov

deficiency events. The term K(t) is necessary if t is allowed to vary.
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7 Bezout certificates
For v ∈ ZN

prim, define

Bv = {w ∈ ZN : v · w = 1}.

This is a translate of Λv. Define

b(v) = min{|w|2 : w ∈ Bv}.

A vector w ∈ Bv is a Bezout certificate proving that the coordinates of v are coprime.
Horesh and Karasik prove joint equidistribution of the orthogonal lattice and the shortest

solutions to the gcd equation. We record the consequence needed here.

Theorem 7.1. Bezout certificate scale and law. There is a probability distribution νd on
[0, ∞), determined by the Horesh-Karasik limiting distribution, such that

b(v)
|v|1/d

2

converges in distribution to νd as v ranges over VN (R) and R → ∞.
In particular,

b(v) = |v|1/d+o(1)
2

for almost all v ∈ VN (R).
Proof.

This is the shortest-gcd-solution component of the Horesh-Karasik joint equidistribution theo-
rem. The scale |v|1/d

2 is the scale of the covering radius of the relation lattice Λv, whose covolume
is |v|2. □

Corollary 7.2. Deficiency from short Bezout certificates. Let

Gd(t) = νd([0, t]).

At every continuity point t ∈ Q>0 of Gd, if

b(v) ≤ t|v|1/d
2 ,

then

δ(v; R) ≥ − log2 Gd(t) − K(t) − Od(1) − oR(1).

Proof.
Apply the coding lemma to the uniformly decidable family

{v ∈ VN (R) : b(v) ≤ t|v|1/d
2 },

and use Theorem 7.1 to identify its limiting density. □
Thus unusually short certificates of primitivity are also Kolmogorov deficiency events.
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8 Projective height and norm dependence
The paper has used Euclidean norm in order to match the homogeneous-dynamics input. The usual
projective height of

[v] ∈ Pd(Q)

is

H([v]) = |v|∞
for a primitive representative v.
Since

|v|∞ ≤ |v|2 ≤
√

N |v|∞,

we have the inclusions

{v : |v|2 ≤ B} ⊆ {v : |v|∞ ≤ B} ⊆ {v : |v|2 ≤
√

NB}.

Both Euclidean and sup-norm height balls have cardinality �N BN . Therefore every density-
one statement with exponent B1/d+o(1) transfers between Euclidean height and projective sup-norm
height.

Thus, for almost all rational points x = [v] with H(x) ≤ B, the shortest rational hyperplane
through x, measured in any fixed Euclidean or sup norm on coefficient vectors, has height

B1/d+o(1).

A full limiting distribution for box height would require a box-height analogue of the orthogonal-
lattice equidistribution theorem, or an integration of the joint direction-lattice distribution over the
direction distribution induced by the sup-norm ball. We do not pursue this refinement here.

9 Finite-height linear independence
Define

L2([v]) = min{|a|2 : a ∈ Zd+1 \ {0}, a · v = 0}.

Then

L2([v]) = λ1(Λv).

Corollary 9.1. For almost all x ∈ Pd(Q) with H(x) ≤ B,

L2(x) = B1/d+o(1).

Equivalently, for every ε > 0, almost every x ∈ Pd(Q)≤B satisfies no nontrivial rational hyper-
plane equation

a0X0 + · · · + adXd = 0

with
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|a|2 ≤ B1/d−ε.

On the other hand, every x ∈ Pd(Q)≤B satisfies some such equation with

|a|2 �d B1/d.

This is a finite-height form of linear algebraic independence from rational hyperplanes.

10 Relation with algorithmic statistics
In algorithmic statistics, a finite model for an object x is often represented by a finite set A 3 x.
The two-part code length is

K(A) + log |A|.

The structure function records the tradeoff between model complexity and residual index cost.
In the present setting, the model classes are arithmetic. A single rational hyperplane relation

a · v = 0 gives the finite model

Aa,R = {v ∈ VN (R) : a · v = 0}.

More globally, a cusp event

λ1(Λv) ≤ t|v|1/d
2

gives the finite model

ER(t) = {v ∈ VN (R) : λ1(Λv) ≤ t|v|1/d
2 }.

The results above identify the natural volume of these models and hence their two-part coding
consequences. A rational point with an unusually short relation or unusually short Bezout certificate
lies in a small arithmetic model and is therefore Kolmogorov-deficient relative to the ambient height
ball.

This is an arithmetic instance of the model-selection viewpoint of algorithmic statistics.

11 Further directions

11.1 Box-height limiting laws

The exponent statements are stable under replacing Euclidean height by projective height. A
sharper box-height limiting law would require understanding the orthogonal-lattice distribution
when primitive vectors are ordered by

|v|∞ ≤ B.

The joint direction-lattice equidistribution of Horesh and Karasik suggests that such a statement
may be obtainable by integrating over the direction distribution for the cube.
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11.2 Higher-degree relations

A natural next model class consists of bounded-degree hypersurfaces. Elementary counting shows
that a fixed degree-D hypersurface in Pd contains Od,D(Bd) rational points of height at most B.
Hence membership in a simple bounded-degree hypersurface forces at least log B bits of deficiency.
A sharper problem is to study the minimal coefficient height of a degree-D polynomial relation
satisfied by a typical rational point.

11.3 Inverse theorems

The forward implication is:

simple arithmetic model ⇒ Kolmogorov deficiency.

The inverse problem is much harder:

persistent deficiency ⇒ membership in a simple arithmetic model.

This cannot hold for unrestricted programs, but may hold relative to natural model classes such
as rational hyperplanes, bounded-degree hypersurfaces, thin maps, or special subvarieties.

11.4 Frobenius certificates

For positive primitive vectors, Frobenius numbers also have limiting distributions governed by ran-
dom lattices. This suggests extending the present relation-certificate framework from homogeneous
relations and Bezout certificates to semigroup certificates.
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