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Abstract

We prove a parametric formula for the greedy 3-sumfree sequence beginning with
1,9,9+d, where d > 2 and g > d+ 1. If M = 5g + 2d, then the sequence consists exactly
of the two initial exceptional elements 1, g, the first interval [g + d,2g + d], and then the
periodic interval pattern with residues g + d — 2,...,2g + d — 2 modulo M. The proof
is elementary and finite: a semilinear candidate is shown to be 3-sumfree by a residue
exclusion, and every integer omitted after the initial seed is shown to be blocked by one
of four interval-sum templates.

The proof has a presentation-theoretic reading. The greedy recursion is represented
by a semilinear witness language together with finite verification data for the fixed-point
condition. The result illustrates how a mathematical statement can be handled through
a structured presentation of the witnesses that decide it.

1 Introduction

Greedy sequences are often easy to define and difficult to recognize. Their membership rule is

recursive: whether a later integer is admitted depends on all earlier admitted integers. A closed

formula, when it exists, replaces this history-dependent object by a more rigid presentation.
This note proves such a formula for a family of greedy 3-sumfree sequences. Fix integers

d>2, g>d+1.
Let Sy 4 be the increasing sequence that starts with
L g9 g+d

and then admits each integer n > g+ d precisely when n is not a sum of three distinct earlier
admitted terms.

The theorem says that S 4 is eventually periodic, with an explicit period and one interval
of residues per period. The proof has two finite parts. First, the proposed set contains no
element that is a sum of three distinct elements of itself. Second, every omitted integer after
g + d is such a sum of three smaller proposed elements. These two facts force the greedy
recursion to produce exactly the proposed set.

This is the presentation-theoretic step: the infinite greedy process is presented by a semi-
linear witness language and a finite family of interval-sum verifications.

2 Statement presentations

A statement presentation records a mathematical assertion through the witness object that
controls its truth. It consists of three pieces:



(i) a universe U of possible witnesses;
(ii) a witness object W C U, or a structured object built from such witnesses;

(iii) a statement type imposed on W, such as emptiness, non-emptiness, infinitude, equality
with another witness object, eventual periodicity, or boundedness.

For example, a universal statement Yu P(u) can be presented by the bad set
Bad(P) = {u: -P(u)}

with statement type “empty”. An existence statement Ju P(u) can be presented by the solution
set {u: P(u)} with statement type “nonempty”. An eventual statement can be presented by
the finite set of exceptions.
In this note the witness object is a subset of N, namely the greedy sequence S, 4. The
statement type is equality:
Sg,d = Tg,d7

where T} 4 is an explicit semilinear set. The verification data are finite interval-sum templates
proving the two inclusions required by the greedy fixed-point rule.

3 The greedy sequence and the formula
For a set A C N, write

3A={a+b+c:a,bce A a<b<c}

The greedy 3-sumfree sequence with initial terms 1,g,g + d is the set S; 4 C N defined as
follows. The elements 1, g, g + d are included initially. For each n > g+ d, in increasing order,
one includes n if and only if

né3.(S,4n{l,....n—1}).

Set
M = 5g + 2d, R=[g+d—-2,29+d—-2]NZ.

Theorem 3.1 (Semilinear formula). Let d > 2 and g > d+ 1. Then
n e Sg,d

if and only if either
ne {17ga2g+d_1729+d}7

or
n>g+d and nmod M € R.

Equivalently, S, 4 is the set

{LgtUlg+d.29+dU|J[gM+g+d—2, ¢gM+2g+d—2].
g1



4 The semilinear candidate

Define
Iy = [g—l—d,?g—i—d] N7Z

and, for ¢ > 1,
I=[gM+g+d—2, gM +2g9+d—2]NZ.

Let

T="Tyq:={19}UL U] I
q=>1

This is the set described in the theorem. Indeed, for ¢ > 1, the block I, consists exactly of the
integers congruent to a residue in R modulo M. In the initial period, the condition n > g+ d
keeps the interval [g + d,2¢g + d — 2], and the two remaining points 2g + d — 1,2¢g + d are the
exceptional endpoint terms.

We prove that the greedy sequence is 1. The proof uses only elementary interval arith-
metic.
5 Interval-sum facts
Lemma 5.1 (Sums of intervals). Let J = [A, BlNZ, with A < B. Then:

{e+y:zyed z<yt=24+1,2B—-1]NZ
provided |J| > 2, and
{r+y+zizy2€d, x<y<z}=[3A+3,3B-3|NZL
provided |J| > 3. If J=[A,B|NZ and K = [C,D|NZ, then
J+K=[A+C,B+ D|NZ.

Proof. For two distinct elements of J, the smallest sum is A + (A 4+ 1) and the largest is
(B—1)+B. Every intermediate value is reached by increasing one summand at a time, keeping
the two summands distinct. The proof for three distinct elements is identical, starting from
A+ (A+1)+ (A+2) and ending at (B —2) + (B — 1) + B. The formula for the sum of two
intervals is immediate. O
6 The candidate is 3-sumfree
We first prove that T’ contains no sum of three distinct elements of 7.
Proposition 6.1. The set T, 4 is 3-sumfree:
TN3.T=@.

Proof. The smallest possible sum of three distinct elements of T is

1+g+(g+d) =29+d+1.

Hence no element of {1, g} U Iy can be such a sum, since

max Iy = 29 + d.



It remains to exclude sums that land in a later block I;, ¢ > 1. Such an element has residue

in
R = [a, 1], a=g+d—2, b=2g+d-—2,

modulo M = 5¢g + 2d.
The residues of elements of T lie in

RUE, E={1,9,2g+d— 1,29+ d}.

The four residues in £ occur only at the four exceptional elements, so if more than one
exceptional residue is used, those exceptional elements must be distinct.

We check that no sum of three admissible residues lies in R modulo M.

First consider three residues from R. Their ordinary sum lies in

3R =[3g+3d— 6, 6g+ 3d — 6.
Modulo M, this is contained in
[Bg+3d—6,M —1]U[0,g9 +d — 6],

with empty intervals omitted. The first part is above b = 2g + d — 2, and the second part is
below a = g + d — 2. Thus it is disjoint from R.
Next take two residues from R and one exceptional residue. We have:

exceptional residue ‘ possible residues of the sum modulo M

1 29 +2d 3, 4g +2d 3|
g 3g+2d— 4, M — 4]
2g+d—1 [4g +3d —5, M —1]U[0,g + d — 5]
29+d [4g+3d—4, M —1]U[0,9 + d — 4].

Each displayed set is disjoint from R. In the first two rows it lies strictly above b. In the last
two rows the high part lies above b, while the low part lies below a.
Now take two exceptional residues and one residue from R. The possible intervals are:

exceptional pair possible residues of the sum modulo M
{1,9} 2g+d—-1, 3g+d—1]
{1,29+d—-1} [Bg +2d — 2, 4g + 2d — 2]
{1,29 +d} [Bg +2d —1, 49+ 2d — 1]
{9,29 +d—1} [4g +2d — 3, M — 3]
{9,29 +d} [4g +2d —2, M — 2]
{2 +d—1,2g9 +d} 0,9 +d—3]U{M —1}.

Again each set is disjoint from R. The first five lie strictly above b, and the last lies below a,
apart from the residue M — 1.
Finally, the sums of three distinct exceptional residues are

3g+d, 3g+d+1, 4g9+2d, M —1.

None belongs to R modulo M.
Therefore no sum of three distinct elements of 7" can land in a later block. Since it also
cannot land in {1, g} U Iy, the set T is 3-sumfree. O



7 Every omitted integer is blocked

We now prove the converse fixed-point condition: after the initial seed, every integer omitted
by T is a sum of three smaller elements of T'.

Proposition 7.1. Letn > g+d. If n ¢ T, then
n€3TN{L,...,n—1}).

Proof. The complement of T" after g + d is the union of the gaps between consecutive blocks.
First consider the gap after Iy. Since

I() = [g—l—d,2g+d]
and the next block begins at
M+g+d—2=6g+3d—2,

the first gap is
Go=[29+d+1, 6g+3d—3|.
It is covered by the following four interval-sum templates:
l+g+1Iy = [29+d+1, 3g+d+1],
1+Ip+1Iy = [2g+2d+2, 49+ 2d],

[
[
g+Io+1ly = [3g+2d+1, 5g+2d—1],
Io+]0+[0 = [3g+3d—|—3, 6g—|—3d—3},

where the repeated occurrences of Iy mean that distinct elements are chosen. These formulas
follow from the interval-sum lemma.
The four intervals overlap or touch. Indeed,

3g+d+2>2g+2d+2

because g > d;
4g+2d+1>3g+2d+1;

and
59 +2d > 3g+3d+ 3

because 2g — d > 3, which follows from g > d + 1 and d > 2. Hence the four templates cover
all of Gy. Every summand used belongs to {1, g} U Iy, and is smaller than the corresponding
n € Gy.

Now consider a later gap. For ¢ > 1,

Io=[qgM+g+d—2, ¢gM+2g+d—2],
so the gap following I, is
Gy=[gM+29+d—-1, (¢+1)M+g+d—3].
Since M = 5g + 2d, this is

Gy=[¢gM+29+d—1, gM +6g+ 3d — 3.



The gap Gy is covered by:

l+g+1, = [qM+29+d—1, ¢gM +3g+d—1],
1+Io+1, = [gM+29+2d—-1, gM +4g+2d—1],
g+Ilo+1;, = [gM+3g+2d—2, ¢gM+5g9+2d—2],
In+1y+1, = [gM+39+3d—1, ¢M+6g+ 3d— 3],

again with distinct choices when Iy appears twice.
These intervals also overlap or touch:

gM +3g9g+d > qM +2g9+2d—1

because g > d — 1;
gM + 4g + 2d > qgM + 3g + 2d — 2;

and
gM +59g+2d—1>qM +39g+3d—1

because 2g > d. Thus they cover G,. All summands are smaller than the integer n being
represented: the elements of I, lie before the gap, and 1, g, Iy are earlier still.

Therefore every omitted integer n > g + d is blocked by three distinct smaller elements of
T. O

8 Proof of the formula

Proof of the theorem. We prove by induction on n that the greedy construction agrees with
T.

The initial elements 1, g,g + d belong to T" and are included by definition of the greedy
sequence. Now suppose the two sets agree below n, where n > g + d.

If n € T, then Proposition 6.1 shows that n is not a sum of three distinct elements of T'.
In particular, using the induction hypothesis below n, it is not a sum of three distinct earlier
greedy terms. Hence the greedy rule includes n.

If n ¢ T, then Proposition 7.1 expresses n as a sum of three distinct smaller elements of T'.
By the induction hypothesis these are earlier greedy terms. Hence the greedy rule excludes n.

Thus the greedy sequence and T' agree at n. Induction proves Sy g = T', which is exactly
the claimed semilinear formula. O

9 Presentation-theoretic reading

The proof can be read as a compact example of statement presentation.
The original witness object is the recursively defined set

Sg.a € N.
The proposed presentation replaces it by the semilinear language

Tya=A{Lgtulu I,
q=1

The statement type is equality of witness languages:

Sg7d =Tgd-



The fixed-point condition for the greedy rule has two observable parts:
Tg7d N 3¢Tg’d =d

and
N> g+d \ Tya < 34T,

with the second inclusion understood using smaller summands.
Both parts are verified by finite data:

(i) a finite residue exclusion modulo M;
(ii) four interval-sum templates for the first gap;
(iii) four periodic interval-sum templates for all later gaps.

The proof compiles the recursively defined statement into a semilinear normal form and
verifies the normal form by finite arithmetic. This is the reusable pattern: when a recursively
defined witness language admits a low-cost semilinear presentation, the global statement may
reduce to finitely many local templates.

10 Further directions

The same method suggests a search pattern for other greedy additive sequences. One proposes
an eventually semilinear set T, then checks:

Tﬂk‘#T:@
and
NEN\TQ ]{:;AT

by finite residue and interval-sum templates. When the candidate is automatic rather than
semilinear, the analogous verification can often be delegated to finite automata. In both cases
the mathematical content includes the final periodic formula and the controlled replacement
of a recursive witness object by a finite presentation.
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