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Abstract

We develop a certificate framework for proving effective zero-free tails for scalar and vec-
tor algebraic linear recurrence sequences. The framework applies to the Skolem Problem, the
Simultaneous Skolem Problem, and certified instances of the Subspace Orbit Problem.

After passing to a common Binet representation, splitting root-of-unity degeneracies, satu-
rating residual torsion, and peeling globally cancelled dominant shells, each branch of a vector
recurrence is put in the form

upksr = A (D(k, 2(k)) + E(k)),

where
2(k)=cn® €T,  D(T,X)e LT|Xi, ..., X™,

and
|E(k)| < Cp(k+1)%*%  0<6<1.

The toric rank, the order of the recurrence, the number of dominant roots, and the root multi-
plicities are unrestricted.

The main theorem is a soundness theorem. If the dominant vector admits a verified toric
lower-bound certificate, then all zeros of the branch lie below a computable bound unless the
branch is identically zero. The remaining prefix is checked exactly. We give several verifiable
certificate formats: joint semialgebraic certificates, Positivstellensatz and sum-of-squares certifi-
cates, Bezout—toric certificates, scalar character-polynomial certificates, and binomial-stratified
certificates.

The new automatic layer is binomial-stratified. If the dominant zero locus on the compact
toric closure is contained in finitely many effective binomial strata, then a semialgebraic Lo-
jasiewicz inequality gives a lower bound by a power of the distance to those strata. Along the
actual toric orbit, Baker—Matveev separation turns the binomial distances into polynomial lower
bounds away from exact-hit progressions. Exact hits are computable finite unions of arithmetic
progressions; on those progressions one restricts the recurrence and either peels a vanished dom-
inant shell or lowers the toric dimension. In the automatic binomial subclass, the strata are
extracted from Laurent elimination ideals and binomial decomposition.

The resulting compiler computes exact zero sets for every recurrence admitting a finite
binomial-stratified toric certificate tree, and computes the strata itself in the automatic binomial-
stratified class. This isolates a checkable and partially automatic mechanism for proving effective
Skolem tails in high-rank, high-order families, including vector examples where scalar coordinate-
wise certification fails. The geometric boundary of the method is explicit: arbitrary non-binomial
toric approximation requires additional lower-bound input.
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1 Introduction

Let K be a number field. A scalar linear recurrence sequence over K is a sequence u = (Up)n>0
satisfying
Uptd = Ad—1Untd—1 + *** + AoUn

for some ay,...,aq_1 € K. The Skolem Problem asks whether there exists n > 0 such that
uy = 0.
The strong computational form asks to compute the entire zero set
Z(u)={n>0:u, =0}

The Skolem—Mahler-Lech theorem asserts that Z(u) is a finite union of arithmetic progressions
together with a finite exceptional set. Its known proofs do not provide a general algorithm for com-
puting the finite exceptional set. The computational heart of Skolem is therefore the construction
of an effective zero-free tail.

This paper studies such tails through toric certificates. The scalar case is included, but the
natural level of generality is vectorial. Let

u, = (u1(n),...,un(n)) € K™
be a vector of algebraic linear recurrence sequences. The simultaneous zero set is
Z(u)={n>0:u, =0}

This formulation covers the Simultaneous Skolem Problem. It also covers affine subspace orbit
reachability: if A € K¢ 24 e K% and

V ={ye K%: By =b},

then
A"rg eV <« BA"xy—-b=0.

The central idea is to separate the dominant vector from zero. On each branch, after standard
spectral reductions, we obtain

Unsr = AF(D(k, 2(k)) + E(k)),

where z(k) is a toric orbit on a compact toric coset, D is the normalized dominant vector, and E
is exponentially smaller. If one can certify that

D(k,z(k)) #0 = [D(k,z(k))| > exp(~C(log(k +2))")



outside a computable prefix, then the exponentially small error cannot cancel the dominant vector
outside that prefix. The rest is an exact finite computation.
The vector viewpoint is essential. A scalar coordinate may contain a factor such as

X+Y -1,
which is outside the automatic one-character Baker class. But a system such as
(X+Y -1, X-Y)

has no common zero on T?, and the norm of the vector is bounded away from zero by a semialgebraic
certificate. Thus the vector method proves effective tails in cases not visible to scalar coordinatewise
methods.

The contributions are:

1. a global vector dominant-shell normal form with torsion saturation;

2. a verifier theorem for toric lower-bound certificates;

3. joint semialgebraic and Positivstellensatz/SOS certificates;

4. Bezout—toric certificates converting scalar lower bounds into vector lower bounds;
5. a scalar Baker—-Matveev lemma for expressions F'(k, 5’“);

6. quotient-character reduction, producing scalar atoms automatically from Laurent factors
whose exponent supports become one-dimensional modulo the toric relation lattice;

7. binomial-stratified certificates combining semialgebraic Lojasiewicz bounds, Baker separation
from exact binomial hits, and recursive restriction;

8. automatic extraction of binomial strata from dominant elimination ideals in the binomial
subclass;

9. a partial Factor—-Reduce—Certify compiler and an automatic binomial-stratified certificate-tree
compiler;

10. applications to Simultaneous Skolem, Subspace Orbit, affine linear-loop reachability, algebraic
target hitting, and eventual cone membership.

The framework isolates certified toric dominant shells: once a dominant lower-bound mecha-
nism is verified, the zero-free tail and the exact finite prefix become effective. Non-binomial toric
approximation remains the boundary where additional Diophantine lower bounds would be needed.

2 Effective input and certificate model
An input consists of:

1. a number field K, represented effectively;

2. either a scalar or vector linear recurrence sequence over K, or a linear dynamical system

(Aa Zo, B7 b)a



3. a complex embedding ¢ : K — C.

All computations take place in finite extensions of K. We use standard exact algorithms in
number fields: arithmetic, factorization, construction of splitting fields, root-of-unity testing, exact
zero testing, comparison of algebraic absolute values under o, and computation of multiplicative
relation lattices [12]. These algorithms are not claimed to be efficient in general; they are used as
exact symbolic subroutines.

A certificate is extended input. The algorithms in this paper are sound: if the certificate verifies,
then the output zero set is correct. They are not complete: failure to certify means “not certified”,
not “no zero” and not “undecidable”.

We separate three layers.

e The verifier theorem: a valid certificate implies an effective zero-free tail.

o Automatic certificate generation: for certain structural classes, the certificate is constructed
by the compiler.

o Positive search: for some certificates, such as Bezout—toric identities of bounded degree, one
may search positively, but failure of the search has no mathematical consequence.
3 Vector Binet form and global shells

Let
u, = (ui(n),...,un(n)) € K™

be a vector of algebraic linear recurrence sequences. Passing to a common splitting field L/ K, we

may write
u, = Z P)\(n))\n,
AER
where R C L* is finite and
P\(T) € L[T|™.

Zero characteristic roots contribute only to a finite initial segment. That segment is checked
exactly, and the sequence is shifted. Hence all roots in the remaining Binet representation are
nonzero.

Fix an embedding

o:L—C.

A global vector shell is a set
Sy = eR: o) = p}.

The shell contribution is

U,y(n) = Z Py(n)A".

AES,

The shell is vectorially cancelled if
U,y(n)=0

as a vector-valued exponential-polynomial function. This means every coordinate is identically
Z€ro.

After torsion splitting, distinct bases with no root-of-unity quotient give linearly independent
exponential-polynomial functions. Therefore vectorial cancellation is decidable exactly.



4 Torsion splitting and torsion saturation
If \/p is a root of unity, let o(\, 1) be its order. Let

My =lem{o(A\, 1) : \,p € R, A/ € o }-
For each residue class r (mod M), define

(r) _
Vk - uM0k+T .

Equal bases in the resulting Binet representation are combined exactly.
A second torsion issue remains. A shell with relative multiplicative rank p modulo torsion need
not be an exact toric coset. Its roots have the form

A= AfAVa»
where &) is a root of unity and
Y=y, a el

Let
Q@ = lemy ord(&)).

Passing to subbranches
k=Qh+s

makes
k
& =&
constant. The polynomial coefficients are transformed by

P)\(k) — P/\(Qh-i- S),

and the bases by
AP s AS(AQ)R

All new data are computable. We call this step torsion saturation.

5 Vector toric normal form

After torsion splitting and torsion saturation, peel globally cancelled shells until the first non-
cancelled global shell is reached. Let S be that shell. Choose A € S. The roots in S can be written
as

A= AYY, a€ACZr.

Since all roots in S have the same g-absolute value, the toric parameters satisfy
lo()l = 1.
Define

Then the contribution of S has the form

AFD(k, z(k)),



where
D(T,X) € LIT)[X{,..., X"

All lower shells have strictly smaller o-absolute value. Hence the branch has normal form

Vi, = A" (D(k, 2(k)) + E(k)),

with
E(k)| < Cp(k+1)%0*,  0<6<1.
Here -
(wi? =" |o(wi) .
i=1

6 Toric cosets

After reindexing, it is convenient to write

Z(k) = an = (0177{6’ e anTII;)a
with
lo(c)| = lo(n;)] = 1.
Define the exact relation lattice
Ln:{a: (al,...,ap) EZpiT]azl},
where
nt=nytngr.
This lattice is computable.

Let
T,={yeTl:y*=1forallac L,}.

The orbit closure of z(k) = cn¥ is the compact toric coset
C = I,

Equivalently,
C={zeT’:2%=c"forall a € L,}.

We do not assume 7, is connected. If finite torsion remains in 7, 7;, may have finitely many
components. The equations above describe the full compact coset.
For effective real-algebraic verification, write

Xj = {L‘j +Zyj

The torus is defined by
Tty =1,

and the coset equations are the real and imaginary parts of
X% =c"

for a basis of £,).



7 The certified-tail theorem

Theorem 7.1 (Certified-tail soundness). Let a saturated branch have vector toric normal form
v, = A*(D(k, 2(k)) + E(k)),
where
IE(k)| < Cp(k+1)%0*, 0<6<1.
Assume there are computable constants A, C, Ny such that, for every k > Ny,
D(k,2(k) #0 = |D(k,2(k))| > exp(—=C(log(k + 2))").
Assume also that exact zeros of
D(k, 2(k))

are either contained in a computable prefix or occur only on subbranches where the global dominant
vector is identically cancelled and hence peeled.

Then the branch has a computable zero-free tail. Consequently the zeros on the branch are
computable exactly as a finite set plus any identically zero subprogressions.

Proof. Choose B > Ny such that
spk 1 A
Crp(k+1)%0" < 3 exp(—C(log(k + 2))*)
for all £ > B. Such B is computable. For k > B, if D(k, z(k)) # 0, then
ID(k, 2(k)) + E(k)| = [D(k, 2(k))| — [E(k)| > 0.

Hence v # 0. The remaining possible zeros are in a computable prefix or in identically zero
subbranches produced by peeling. The finite prefix is checked exactly in L. O

8 Joint semialgebraic certificates
Definition 8.1 (Joint semialgebraic certificate). Let
D(T,X) = (D1(T,X),...,Dn(T, X)).

A joint semialgebraic certificate, or joint S-certificate, on a toric coset C = cT;, consists of explicit
data

BoeN, LpeN, qeQso
such that

m

> o (Di(t, x))? > q(t + 1) "0

i=1
for every
t > By, x e C.



The assertion is a universal formula over a real closed field. Laurent monomials are represented
on the torus by
. -1 .
X; = xj +1yj, X, =z — ;.
The coset C is represented by polynomial equations
ity =1
and the real and imaginary parts of
X% ="
for a basis of L.
The certificate condition becomes

Vt,z,y: (t>BoA(z+iy) €)= (t+ 1) |o(Dit,z +iy))|* —q > 0.

This formula is effectively decidable by quantifier elimination over real closed fields.

Proposition 8.2. A joint S-certificate implies the hypothesis of the certified-tail theorem with a
polynomzial lower bound:
ID(k, 2(k))| > ¢"/*(k + 1) "0/,

Proof. Since z(k) € C, substituting ¢t = k and = = z(k) into the certificate gives the result. O

9 Binomial-stratified certificates

Uniform separation on the whole compact toric coset is a useful certificate, but many natural
dominant vectors vanish on structured subtori. The certificate can still be effective when the entire
dominant zero locus is forced into finitely many binomial strata.

Definition 9.1 (Binomial stratum). Let C' C T? be an effective compact toric coset. A binomial
stratum in C' is a subset

H={z€C:Xxa(®)=C, -, Xa(z) =}
where
ajEZp, thj(X):Xajv
and each (; is algebraic of complex absolute value 1. The stratum is proper if H # C'.

For such a stratum set ,
Ag(z) = xe; () — ¢
j=1
Then
Ag(x)=0 <= zecH.

For a finite family
H={Hy,...,Hn},
define

N
Ay (x) = ] Am, (2).
v=1

Thus



Definition 9.2 (Binomial stratification certificate). Let
+1 +1
D(T,X) € LIT][X{, ..., X"
be a dominant vector on C. A binomial stratification certificate consists of
BeN
and a finite family H of proper effective binomial strata in C' such that

D(t,z)=0 = =zc¢€ UH
HeH

for all real t > B and all x € C.

Once the candidate strata are supplied, the implication is a universal formula over a real closed
field after writing the torus and the coset in real coordinates. Hence it is effectively checkable by
quantifier elimination.

Lemma 9.3 (Effective semialgebraic Lojasiewicz inequality). Let Ky be a compact effective semi-
algebraic set, and let
fr9: Ko — Rxo

be effective continuous semialgebraic functions. If

Z(f) € Z(9),

then there exist effectively searchable constants
N e N, c >0,

with ¢ algebraic, such that
fly) = egy)™
for every y € Ky.

Proof. The existence statement is the standard semialgebraic Lojasiewicz inequality on compact
semialgebraic sets. For effectivity, fix N. The assertion

Je>0Vye Ko: fly) > cgly)™

is a first-order sentence over real closed fields. Quantifier elimination decides whether such a c exists
and, when it does, gives an effective semialgebraic description of the admissible ¢’s. Enumerating
N =0,1,2,... therefore finds a valid exponent and a positive algebraic c. O

Theorem 9.4 (Stratified semialgebraic lower bound). Assume that D admits a binomial stratifi-
cation certificate (B, H) on C. Put

m

P(t,z) = Z |Di(t,x)]2, Az) = Ay(x).

i=1
Then there exist effectively computable constants
B' e N, qg>0, Lo €N, ReN

such that
P(t,x) > gt +1) " A2)"

for every t > B' and every x € C.



Proof. After clearing Laurent monomials, P is represented by an effective real semialgebraic func-
tion on [B,00) x C. Choose d at least the degree in ¢ of the cleared expression and compactify

1 1—u
t= .

Set

on the compact semialgebraic set
1

KO . |:O, B—i-li| X C

For w > 0, the certificate gives
Qu,z)=0 = A(z)=0.
At u = 0, compactification may create additional zeros. Hence
2(Q) N Ko C Z(ud).
Apply the effective semialgebraic Lojasiewicz inequality to

There are N and ¢ > 0 such that

Qu,z) > cuV A(z)N.
Since Q = u®P, this gives

P(t,z) > cu¥ IA(z)N.

If N >d, take Lo = N —d. If N < d, weaken the estimate on 0 < u < 1 to P(t,z) > c¢A(x)". This
gives the stated form with effective constants. O

10 SOS and Positivstellensatz certificates

Quantifier elimination proves decidability, but one may also use algebraic certificates that are easier
to verify.
Let C be represented by equalities

and inequalities
g1 >0,...,9, > 0.

These include the torus equations, the coset equations, and the tail condition t — By > 0. A
Positivstellensatz/SOS certificate for the joint lower bound consists of an identity

t+ 1) Dt X)P —qg=00+Y 059, + > hefe,
7 J ¢

where the o; are sums of squares and the hy are arbitrary polynomials, all with algebraic coefficients.
Such an identity is checked by exact polynomial arithmetic and by verifying the supplied sum-
of-squares decompositions. When present, it gives a joint S-certificate.
This SOS formulation is not required for decidability, but it gives a more explicit certificate
format than quantifier elimination.

10



11 Automatic joint certificates from leading vectors

Write
D(T,X) =TDy(X) + T Dy 1 (X) + - - - + Do(X),
with Dg # 0.

Proposition 11.1 (Leading-vector criterion). If
Dy(z) #0 for every x € C,

then a joint S-certificate exists and can be effectively found.

Proof. The function
z + |Dy()[?

is continuous and positive on the compact coset C. Its positivity can be verified by quantifier
elimination. Once verified, one can find a rational gg > 0 such that

[Da(2)* > q0

for all z € C.
For j < d, compute an upper bound M; for |[D;(x)| on C. Since monomials have modulus 1 on
the torus, summing absolute values of algebraic coefficients gives an effective upper bound.
For t large enough,
; L 1724
> (0| < Lot

j<d

uniformly on C'. Hence

112
D(t,2)| > Sar "

This is a joint S-certificate. 0

12 Scalar character-polynomial atoms

A scalar atom is an expression

F(T,x(X)),

where

F(T,Y)e LT, Y]\ {0}

and
V(X) = X{ X

is a toric character. Along the branch
2(k) = e,

we have
X(2(k)) = x(e)x(n)".

Absorbing the constant x(c) into F', one reduces to

F(k’ 5k)v 0= X(U)-

11



13 The Baker—Matveev lemma

We use the following standard consequence of effective lower bounds for linear forms in logarithms.

Lemma 13.1 (Scalar character lower bound). Let
F(T,Y) € LIT, Y]\ {0},

let
de L™, lo(0)| =1,

and suppose § is not a root of unity. Then there exist computable constants

C >0, Ny € N
such that, for every k > Ny,

F(h,6%) 20 —  |o(F(k,6)| > exp(~C(log(k +2))?).
Moreover, exact zeros of F(k,0%) are contained in a computable finite prefiz.
Proof. Write
T
F(T,Y)=> fi(T)Y7.
§=0

For each k, let

F.(Y)=F(kY).

The set of k such that F}, = 0 is finite and computable unless all f; vanish identically, which is
excluded. The case in which F} is constant nonzero is harmless and gives a Liouville lower bound.
Assume F}, is nonconstant. Factor

Fo(Y) = ae [T(Y = nu)

over Q. The degree of F}, is at most r, though it may drop for special k. This only decreases the
number of factors.
The coefficients f;(k) have logarithmic height O(log(k+2)). Standard height estimates for roots
of a polynomial give
h(nwx) < Crlog(k +2)

with C effective. Liouville’s inequality gives
lo(ax)| > exp(—Cqlog(k + 2))

whenever a # 0.
Let n =n,. If n =0, then
o (8% —n)| = 1.

Assume 7 # 0 and 6% # 7. Apply an effective lower bound for linear forms in logarithms to

niok — 1.

12



The degree of the field Q(4, 1) is uniformly bounded in terms of L and r. The height of n is O(log k),
and the exponent of § is k. A standard Baker—Wuestholz or Matveev estimate yields

lo(n~'6") — 1] > exp(—Cs(log(k + 2))?).
Liouville gives
o (n)| = exp(—Cilog(k + 2)).

Therefore
0(6F — )| > exp(—Cs(log(k + 2))%).

If F(k,6%) # 0, no factor vanishes. Multiplying the lower bounds for the leading coefficient and
all nonzero factors gives
|o(F (K, 8*))| > exp(—C(log(k + 2))?).

Now suppose
F(k,6F) =o0.

Then 6% is a root of F, so
h(6%) < Oy log(k + 2).

Since 4 is not a root of unity, h(d) > 0, and
h(5%) = kh(é).

Thus
kh(6) < C1log(k + 2),

which fails beyond a computable bound. O

14 Baker separation from binomial strata

The preceding scalar lemma controls one-character atoms. Binomial strata reduce to finitely many
such one-character conditions along the toric orbit.

Lemma 14.1 (One-character separation). Let

@,¢eQ",  o(a)=lo(Q)]=1.

Then the solution set

S(a,():{kzo:akzg}

1s effectively computable as a finite union of arithmetic progressions and a finite set. Moreover,
there exist effective constants
c> 0, AeN,

such that
o(a? = Q)| > e(k+1)~4

for every k ¢ S(a, Q).

13



Proof. If « is a root of unity, the sequence o is periodic. Thus S(a, () is empty or a finite union

of residue classes modulo the order of «, and the nonzero distances outside S(«, () have a positive
periodic minimum.

Assume « is not a root of unity. Then of = ¢ has at most one solution, since two distinct
solutions would make « torsion. The possible exact solution is decidable by the standard algorithms
for multiplicative relations among algebraic numbers. For non-solutions, apply an effective lower
bound for linear forms in logarithms to

of¢cl -1,
Since v and ( are fixed, Baker—Wuestholz or Matveev estimates give a lower bound of the form
lo(a¥¢ =) > e (k+1)"4
Multiplying by the fixed number |o({)| = 1 gives the stated estimate. O

Lemma 14.2 (Separation from one binomial stratum). Let z(k) = en* € C, and let

H={zecC:xa®) =C,. ., Xae(®) =}

be an effective binomial stratum. Set
Sy ={k>0:z2(k)e H}.

Then Sy is effectively computable as a finite union of arithmetic progressions and a finite set.
Moreover, there exist effective constants

cy >0, Ag e N,
such that
Ag(z(k) > ey (k+1)~4#
for every k ¢ Sy.

Proof. The condition z(k) € H is the finite system

Xa; ()F = Cxa, (07 =1, L

Each equation has an effectively computable solution set by the one-character lemma, and finite
intersections of finite unions of progressions and finite sets are effectively computable.

If £ ¢ Sy, then at least one equation fails. For each j, the one-character lemma gives a
polynomial lower bound away from the exact solution set of the j-th equation. Taking the minimum
over the finitely many failed possibilities gives

Ap(2(k) =D [xa; (2(K)) = GI* = en(k + 1)~

J

O

Lemma 14.3 (Separation from a finite family of binomial strata). Let H = {Hi,...,Hy} be a
finite family of effective binomial strata and set

N
S = Su,.-

v=1

14



Then Sy is effectively computable as a finite union of arithmetic progressions and a finite set.
Moreover, there exist effective constants

c>0, AeN,

such that
Ay (z(k)) > e(k+1)~4

for every k ¢ Sy.

Proof. The exact-hit set is a finite union of effectively computable sets. If k ¢ Sy, then z(k) lies
in none of the strata. Hence every Ay, (z(k)) is bounded below by a negative power of k + 1.
Multiplying the finitely many inequalities gives the stated lower bound for

Ay(2(k) = ][ Am, (=(k))-
v=1

O
Theorem 14.4 (Stratified zero-free tail outside exact hits). Let a saturated branch have normal
form
vi = AF(D(k, 2(K) + B(R),  =(k) = e,
with

E(k)| < Cp(k+1)%0*, 0<6<1.

Assume that D admits a binomial stratification certificate H on C, and let

Su={k>0:2(k)e |J H}.
HeH

Then there is an effectively computable B such that
v #0

for every k > B with k ¢ Sy.

Proof. The stratified semialgebraic lower bound gives

D |Dilk, 2(k)I* = qlk + 1) 750 Agy(2(k) ™.

For k ¢ Sy, Baker separation from the finite family of strata gives
Ap(z(k)) = ek +1)~7,

Therefore
ID(k, 2(k))| > (k+1)~*

for effective constants ¢’ > 0 and A’. The exponentially small error is eventually less than half of
this lower bound, and the conclusion follows from the same comparison used in the certified-tail
theorem. 0

15



15 Torsion scalar atoms

If § is a root of unity of order ), pass to subbranches
k=Qh+s.
Then
F(k,6*) = F(Qh+ s,6%) = Gy(h),

where G5 € L[h].

If Gg # 0, its integer zeros are finite and computable, and Liouville gives a polynomial lower
bound for nonzero values.

If G5 = 0, the scalar atom vanishes identically on that subbranch. In a scalar product certificate
this may force the dominant scalar to vanish. In a vector or Bezout certificate it means only that
the particular scalar test has failed. The algorithm either peels the branch if the full dominant
vector is identically zero, or requires a new certificate on that subbranch.

Termination follows because every peeling removes one global shell and all splitting operations
are finite.

16 Bezout—toric certificates

Let
D = (Dy,...,Dp).

Let

be a basis of £, and define the coset binomials
Gi(X) = o _ o
5 = .

Then
G](Z(k>) =0.

Definition 16.1 (Bezout—toric certificate). A Bezout—toric certificate consists of Laurent polyno-
mials
AT, X), B;(T,X), M(T,X)
such that
m l
M(T,X) =3 Ai(T, X)Di(T, X) + Y Bj(T, X)G;(X),
i=1 j=1

together with a scalar certificate for M (k, z(k)) giving
| M (k, z(k))| = exp(~C(log(k +2))*)
outside a computable prefix.
The identity is verified exactly in the Laurent polynomial ring.

Lemma 16.2. There exist computable constants C'4, R such that
1/2
(Z |A; (K, z(k:))|2> < Calk+1E

16



Proof. Write
AT, X) =" a;, (T) X

On the torus,
| Xbiv| = 1.

Each polynomial a; , (k) grows at most polynomially in k. Summing finitely many terms gives the
stated bound. O

Proposition 16.3. A Bezout—toric certificate implies the lower-bound hypothesis of the certified-
tail theorem.

Proof. Along the orbit,
Mk, 2()) = Y Ailk, =)Dk, 2(8).

By Cauchy—Schwarz,

1/2
|M (K, 2(k))| < <Z !Az'(k,Z(k))V) ID(k, z(k))|-

Using the preceding lemma,
M (k, 2(k))| < Ca(k + 1)F|D(k, 2(k))|-
A subexponential lower bound for M therefore gives a subexponential lower bound for |D|. O]

One may search for Bezout-toric certificates by fixing degree bounds for the unknown A;, B;, M,
imposing the identity as a finite linear system over L, and checking whether M admits a scalar
S/B/T certificate. If the search succeeds, the certificate is valid. If it fails at a chosen bound, no
conclusion follows. Thus this is a positive semidecision procedure, not a complete algorithm.

17 Quotient-character reduction

Let
H(T,X) =Y ho(T)X"
acA
be a Laurent factor. Consider the image of A in

7P| Ly.
We say that H has quotient affine rank at most one if the differences
a — ag, a€ A,

span a vector space of dimension at most one in

(2°/L,) ©2.Q.
Proposition 17.1. If H has quotient affine rank at most one, then after finite torsion splitting,

H(k, z(k)) = afF(k, %)

for some algebraic ag,d of o-absolute value 1 and some

F(T,Y) € L[T,Y].
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Proof. Choose ag € A. Since the quotient affine rank is at most one, there exists v € Z” such that
every a — ag maps to a rational multiple of v in the quotient. Clearing denominators and splitting
finite torsion in the quotient, we may assume that for each a € A,

a=ag+rqv+L,

with r, € Z and £, € L,,.
On the coset z(k) = en®,
Z(k‘)a — Canak _ Canaok(nv)rak’

because 7' = 1. Thus

H(k, z(k)) = n™F Y ha(k)e® (") "
acA

After multiplying by a power of Y if necessary, the sum becomes F(k, %) with
o =n".
The factor n?%* is af and has modulus 1. O]

Corollary 17.2. A quotient-affine-rank-one factor is automatically converted into a scalar Baker
or torsion atom.

18 Automatic binomial extraction

The binomial-stratified theorem is a verifier: it proves a tail once the strata are known. In an
important subclass the strata can be extracted from the dominant equations.
18.1 Dominant elimination ideals
Let C C T? be the compact toric coset attached to a branch, and let
+1 +1
Ic QL[Xl ""7Xp ]

be its Laurent ideal, generated by the binomials

X% — ac€ L.
For
D(T,X) = (Dy,...,Dy)
define
Ip=1Ic+(Dy,...,Dp) C LT, X, ..., X
and

Jp =rad (Ip N LIXE,..., X))

The variety V(Jp) N C contains every point x € C for which there exists a complex value T' =t
with
D(t,z) = 0.

It is therefore an algebraic over-approximation of the eventual real projection
{reC:3t>0, D(t,x) =0}.
The over-approximation is useful: if it is already covered by proper binomial strata, then it gives a

valid certificate without guessing the strata.
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Definition 18.1 (Automatically binomial branch). A dominant branch is automatically binomial

if the computed set
V(Jp)nC

1s effectively verified to be contained in a finite union of proper binomial strata
HyU---UHy

inside C. In the strict binomial case, these strata are obtained from binomial radical and decompo-
sition algorithms [11], followed by lattice basis reduction and Smith normal form.

Theorem 18.2 (Automatic binomial certificate extraction). Let a nonzero dominant branch be
automatically binomial. Then one can effectively compute a finite family of proper binomial strata

H= {Hlv"'vHN}
such that
N
D(t,z) =0 = =zc¢€ UHZ,
v=1
for every t and every x € C. Hence the branch admits a binomial stratification certificate with
B =0.

Proof. Compute Io, form Ip, eliminate T', and take the radical Jp. By the automatic binomial
hypothesis, V(Jp) N C is covered by effectively listed proper binomial strata. If D(¢,2) = 0 for
some z € C, then (t,z) € V(Ip). Every Laurent polynomial in Ip N L[XT!, ... ,Xpil] therefore
vanishes at z, and so z € V(Jp)NC. The verified binomial cover gives the desired implication. [

19 Binomial-stratified certificate trees

Exact hits of binomial strata are not exceptional failures. They are arithmetic progressions on
which the recurrence can be restricted and renormalized.

Definition 19.1 (Binomial-stratified toric certificate tree). A binomial-stratified toric certificate
tree for a vector recurrence is a finite rooted tree whose nodes carry restricted branches

Vg = Uak+b
with saturated dominant normal forms
vi = AF(D(k, z(k)) + E(k)).
A terminal node is one of the following:

1. an identically zero branch;

2. a branch with a joint S-certificate, an SOS/Positivstellensatz certificate, a Bezout—toric cer-
tificate, or scalar atoms proving a dominant lower bound;

3. a closure-avoiding branch for which the leading-vector or semialgebraic compactness test gives
a lower bound.
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A nonterminal node carries a binomial stratification certificate H. Its children are the infinite
arithmetic progressions contained in

Sy ={k>0:2z2(k) € U H}.
HeH

On each child, the recurrence is restricted to that progression and the dominant normal form is
recomputed. Along every edge, either a dominant spectral shell is peeled or the dimension of the
compact toric orbit closure strictly decreases.

Definition 19.2 (Automatic binomial-stratified tree). A binomial-stratified toric certificate tree is
automatic if every nonterminal node obtains its binomial stratification certificate from automatic
binomial extraction.

Theorem 19.3 (Exact zero set from a certificate tree). If a vector recurrence admits a finite
binomial-stratified toric certificate tree, then its zero set is computable exactly as a finite union
of arithmetic progressions and a finite set. If the tree is automatic, the binomial strata at all
nonterminal nodes are computed from the dominant branch equations.

Proof. Proceed by induction on the finite tree. An identically zero terminal node contributes its
whole arithmetic progression. Any other terminal node has a verified dominant lower bound, hence
a computable zero-free tail by the certified-tail theorem; its finite prefix is checked exactly.

At a nonterminal node, the stratified zero-free tail theorem gives a computable bound beyond
which no zeros occur outside Sy. The finitely many remaining indices outside Sy, together with
the finite exceptional part of Sy, are checked exactly. The infinite progressions in Sy are precisely
the children, whose zero sets are computed by induction. Taking the union over all nodes gives the
exact zero set. O

20 The Factor—Reduce—Certify compiler

The partial compiler operates branchwise.
1. Compute the vector toric normal form.
2. Compute the toric coset C' = cT},.
3. Attempt the leading-vector criterion.
4. If it fails, attempt to construct a Bezout—toric certificate by bounded-degree linear algebra.
5. For scalar factors or scalar tests, factor in the Laurent polynomial ring.
6. For each irreducible factor, compute its quotient affine rank modulo £,,.
7. If the rank is at most one, reduce it to a scalar atom.

8. Verify remaining S-certificates by quantifier elimination, SOS identities, or Positivstellensatz
identities.

9. If the branch is not terminally certified, attempt automatic binomial extraction from Jp.

10. If binomial extraction succeeds, compute the exact-hit progressions, restrict to the infinite
progressions, and recompute the dominant normal form on each child.
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11. Accept the recursive step only when it peels a dominant shell or strictly lowers the toric
dimension.

12. If every terminal branch is certified and every recursive branch belongs to a finite certificate
tree, compute the zero-free tails and exact prefixes.

13. If some branch is not certified, return “not certified”.

Theorem 20.1 (Compiler soundness). If Factor-Reduce—Certify succeeds on all branches of a
vector recurrence u, then it computes

Z(u)={n>0:u, =0}
exactly as a finite union of arithmetic progressions and a finite set.

Proof. Every terminal branch has one of the terminal certificates listed above, so it satisfies the
certified-tail theorem. Identically zero branches give progressions. Nonzero terminal branches have
zero-free tails and exact finite prefix checks.

Every accepted nonterminal step is justified by a binomial stratification certificate. The strat-
ified zero-free tail theorem removes all sufficiently large indices outside the exact-hit progressions.
The children are precisely the restrictions to those infinite progressions. Since a successful run
produces a finite certificate tree, the exact zero set is computed by the theorem on certificate
trees. 0

21 Certified and automatic binomial-stratified classes

Definition 21.1. A wvector recurrence belongs to the certified binomial-stratified toric class if its
dominant branch decomposition admits a finite binomial-stratified toric certificate tree.

It belongs to the automatic binomial-stratified toric class if it admits such a tree and every
nonterminal stratum is produced by automatic binomial extraction.

Corollary 21.2 (Certified binomial-stratified Skolem). For every algebraic vector recurrence u in
the certified binomial-stratified toric class, the set

Z(u)={n>0:u, =0}
is computable exactly.

Proof. Apply the certificate-tree theorem to every residue branch in the dominant toric normal
form and take the finite union of the branch zero sets. O

Corollary 21.3 (Automatic binomial-stratified Skolem). For every algebraic vector recurrence u in
the automatic binomial-stratified toric class, the zero set Z(u) is computable exactly. In this class
the binomial strata required at nonterminal nodes are computed from the dominant elimination
ideals.

Remark 21.4. The restriction is geometric rather than dimensional. There is no a priori bound
here on recurrence order, root multiplicity, number of dominant roots, toric rank, vector dimension,
ambient matriz dimension, or target dimensiton. The required structure is that the dominant toric
zero loci are either terminally separated from zero or recursively controlled by binomial strata.
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22 Applications

Theorem 22.1 (Simultaneous Skolem). Let

u® ™
be algebraic linear recurrence sequences and set
w, = (u), . ul™)
If Factor—Reduce—Certify succeeds on u, then
(n>0:ul) =... =™ =0}

is computable exactly.

This is stronger than separately solving the scalar Skolem instances and intersecting their zero
sets, because a joint vector certificate may exist even when a scalar coordinate is outside the
automatic scalar certificate class.

Theorem 22.2 (Subspace Orbit and affine linear loops). Let
A e K4 zo € K¢,

and let
V={yeK*: By=>0}

be an affine subspace. Define
u, = BA"xg — b.

If Factor—Reduce—Certify succeeds on w, = BA™xg — b, then the hitting-time set
{n>0:A"xg eV}
is computable exactly.

Proof. We have
An{L'() eV <= BA”xO —b=0.

Apply compiler soundness. ]
Corollary 22.3 (Binomial-stratified Subspace Orbit). With notation as above, suppose
u, = BA"zy — b
belongs to the certified binomial-stratified toric class. Then
Hit(A,z, V) ={n>0: A"zg € V}

is computable exactly. If u, belongs to the automatic binomial-stratified toric class, the required
binomial strata are computed from the dominant branch equations.

Proof. The sequence u,, is a vector recurrence, and
AzgcV <— u,=0.

Apply the certified or automatic binomial-stratified Skolem corollary. O
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This gives a certified reachability theorem for affine linear loops
x:= Ax
with target condition Bz = b.

Corollary 22.4 (Algebraic target hitting). Let
W={y:Piy) == Pnly) =0}

be an affine algebraic set over K. Since coordinates of A™xy are linear recurrence sequences and
such sequences are closed under addition and pointwise multiplication, each sequence

is a linear recurrence sequence. If Factor—Reduce—Certify succeeds on
(P1(A"xg),. .., Pn(A™x0)),

then
{n>0:A", €W}

is computable exactly.

23 Eventual cone membership and ultimate positivity

Let C' C R™ be a semialgebraic cone or a closed semialgebraic set. Suppose a real vector recurrence
has normal form

w; = A*(D(k, z(k)) + E(k))
with A > 0, and suppose a certificate proves that D(k, z(k)) has distance at least
c(k+1)~L
from the boundary of C for k > B, with a fixed side of the boundary. Then u; € C eventually if
and only if the dominant vector lies on that side. The finite prefix is checked exactly.
For m =1 and C' = [0, 00), this gives certified ultimate positivity.

24 A high-rank vector family

Let p > 2, and let

Yooy Yp € L
satisfy
o ()| =1
and be multiplicatively independent modulo torsion.
Define

Dp(Xl,...,Xp):(XQ—Xl,Xg—Xl,...,Xp—Xl,X1+-"+Xp—1).

Proposition 24.1. The vector D, has no zero on T*.
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Proof. If D,(X) = 0, then

Xo = X, , X, =X
Thus
Xi==X,
The last component gives
pX1 =1.
But |X1| = 1, whereas |1/p| < 1 for p > 2. This is impossible. O

Therefore
Qp(X) = Dy(X)[?
has a strictly positive minimum on T”, and a joint S-certificate can be verified.
Let
u, = A" (Dp(%‘, c ) E(n)) ,
where
IE(n)| <C6", 0<6<1.

Then Factor-Reduce—Certify succeeds and computes the simultaneous zero set.
The scalar coordinate
Xi+--+X,-1

has exponent support of affine rank p, so it is not an automatic quotient-character scalar factor.
The vector system is nevertheless certified by joint separation. This demonstrates the genuine
advantage of the vector method.

25 Realization as Subspace Orbit

Let
A = diag(y1,..-,7), xo=(1,...,1).
Then
Ao = (11,5 7p)-
Let V, € K” be the affine subspace defined by

xo—11=0, 23—21=0, ..., wz,—x1=0,

and
14, =1

Then
A"zg €V, <<= D,("{,...,v,) =0.

By the preceding proposition, the pure dominant model has no hitting time. With exponentially
smaller subdominant perturbations, the subspace-orbit certificate theorem gives a computable zero-
free tail and exact prefix check.

This gives a high-rank family of certified Subspace Orbit instances in which one scalar equation
contains high-rank toric support, but the vector system is jointly separated.
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26 Relation to previous work

The Skolem Problem is open in general. The Skolem—Mahler—Lech theorem gives the eventual
structure of the zero set but is not a general algorithm for computing the finite exceptional set.

Low-order and few-dominant-root results decide important special cases. The present framework
is different: it is not based on low order or few dominant roots, but on a verifiable toric separation
certificate.

Modern algorithms for broader recurrence classes often produce correct certificates when they
terminate, with termination proved under strong Diophantine conjectures. The present method is
unconditional inside the certified class.

The Evertse-Schlickewei—Schmidt theory gives explicit upper bounds for the number of non-
degenerate solutions of linear equations in variables from a finite-rank multiplicative group [10].
Such results are close in spirit, but a bound on the number of solutions does not by itself give
a computable bound on the positions of the indices n. The present method produces an explicit
zero-free tail once a certificate is verified.

Bacik and Varonka study Subspace Orbit and Simultaneous Skolem from a dimension-theoretic
perspective [5]. Their results are orthogonal to the present work. They prove decidability in
certain target-dimension regimes and hardness in others. The present framework imposes no a
priori target-dimension threshold; it requires a toric separation certificate for the dominant vector.

The vector feature is essential. The family above shows that scalar coordinatewise certification
can fail while joint vector certification succeeds.

27 Boundary of the certified class

The certified class is governed by the available lower-bound mechanisms. Joint semialgebraic cer-
tificates handle dominant vectors that avoid zero on the compact toric closure. Binomial-stratified
certificates handle dominant zero loci contained in finitely many character strata, because exact
character hits are computable and Baker separation gives polynomial distance from the strata away
from those hits.
A scalar expression such as
X+Y -1

on a genuinely rank-two orbit is different. Its zero locus is not a finite union of binomial strata.
Along
(X,Y) = (", 5")

one would need effective lower bounds for
"+ g — 1]

outside exact zeros. Such non-binomial toric approximation is not supplied by the binomial-
stratified layer.

Thus the compiler is sound and incomplete: success produces a verified exact zero set, while
failure means that the available certificate mechanisms did not certify the instance.

28 Conclusion

We have developed a certificate framework for effective zero-free tails in scalar and vector linear
recurrence sequences. The main novelty is the vector toric viewpoint: for Simultaneous Skolem and
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Subspace Orbit, it is enough to separate the dominant vector from zero. This can succeed even
when scalar coordinatewise methods fail.
The framework includes:

1. global vector dominant-shell normal form;

2. torsion saturation and toric coset closures;

3. certified-tail soundness;

4. joint semialgebraic and SOS certificates;

5. Bezout—toric certificates;

6. scalar Baker character-polynomial atoms;

7. quotient-character reduction;

8. binomial-stratified lower bounds;

9. Baker separation from exact binomial hits;
10. automatic binomial extraction from dominant elimination ideals;
11. finite certificate trees;
12. a partial Factor-Reduce—Certify compiler with a recursive binomial-stratified mode;

13. applications to Simultaneous Skolem, Subspace Orbit, linear-loop reachability, algebraic tar-
get hitting, and ultimate positivity;

14. a high-rank vector family showing genuine advantage over scalar methods.

The resulting framework gives a rigorous, checkable, and partially automatic mechanism for
proving effective Skolem tails in high-rank, high-order families. Its strongest automatic layer is the
binomial-stratified class: semialgebraic Lojasiewicz inequalities control vanishing near the strata,
Baker separation controls the actual toric orbit away from exact hits, and recursive restriction
handles the exact-hit progressions.
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