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Abstract

For a finite group G and a word w € Fj, let

Hw,G

denote the probability distribution of the word map

we : G = G.

We construct large families of pairwise non-isomorphic finite p-groups with identical word-
measure distributions for every word. More precisely, for every integer d > 4 and all sufficiently
large odd primes p, there exist at least

(d—1)(d-2)
2 )
pairwise non-isomorphic special p-groups of nilpotency class 2, exponent p, and order

cdpga g=

2d+3
p )

such that, after a fixed bijection of their underlying sets, every word has the same distribution
on all groups in the family. Thus the complete collection of word-map distributions does not
determine a finite group. The construction uses Pfaffian representations of a fixed smooth plane
curve
C=F=0CP2.
P
A linear Pfaffian representation of F' is a skew-symmetric 2d x 2d matrix M (zq, 21, x2) with
linear entries and
Pf(M) =F.

It defines an alternating tensor

. A2m2d 3
BMA]FP —>Fp

and hence a special class-two exponent-p group G ;. The key compression theorem says that
for groups of the form G, the distribution of every word is determined by

dim V, dim W, A= rank(A o B).

For Pfaffian representations of the same smooth curve, this rank profile depends only on the
curve:

2d, A ¢ ¢,

rank M(3) = {Qd —2, [Nec.



Thus all Pfaffian representations of C' give word-measure twins. The groups are nevertheless
non-isomorphic whenever the Pfaffian representations are inequivalent. Using decomposable
Pfaffian representations associated with line bundles

LePic?”Y(C), Rr°C,L)=0,

we obtain >4 pY pairwise non-isomorphic examples. We also record a stronger geometric
refinement. Over an algebraically closed field, the scalar word-measure profile collapses a whole
open subset of the moduli space

MC(Qa KC)a

of dimension (3g-3). Under the standard finite-field rationality hypothesis for this Pfaffian
moduli open, the finite-field family can be enlarged to size >4 p?9~3. The examples have
the same hom-counts from every one-relator group, the same untwisted surface-group hom-
counts, the same probabilistic identities, the same commutator-factorization profiles, and the
same irreducible character-degree zeta function. They are separated by kernel tomography:
Kernel- MVMT recovers the projectivized Pfaffian kernel bundle

PKy = {(z,[v]) € C x P2~ . M(z)v = 0},

which is invisible to ordinary word-map distributions.

Declaration of generative AI and Al-assisted technologies in the
writing process

This article belongs to the Presentation theory section. Generative Al, including ChatGPT by
OpenAl, was used to assist with mathematical drafting, formalization, review, and editing. The
note may be preliminary, may have been only partially reviewed, and in some cases may be only
Al-reviewed.
1 Introduction
Word maps are natural probes of finite groups. Given a word
w € Fy,
every group G has a word map
wg: G* — G.

For finite GG, this yields a probability distribution

_ H,--,9:) € G w(gn, - .-, gs) = g}
G* '

It is natural to ask how much of G is encoded by the collection

P, (9)

Hwa:w € Fg, s > 1.

For abelian groups this collection is strong enough to determine the group. More generally,
word-map distributions encode substantial structural information. The present paper proves that,
nevertheless, the complete collection of all word-map distributions does not determine a finite group.



We construct large families of pairwise non-isomorphic p-groups of nilpotency class 2, exponent p,
and fixed order, such that every word has the same distribution on all groups in the family. The
construction is geometric. Let
C=F=0cCP?
be a smooth plane curve of degree d. A linear Pfaffian representation of C' is a skew-symmetric
2d x 2d matrix
M(LUO, Ty, x?)

with linear entries and

Pf(M) = F.

It defines an alternating tensor

B A’V — W, dimV =2d, dimW = 3,

and hence a class-two exponent-p group

Gu=VeoW

All Pfaffian representations of the same smooth curve have the same scalar rank profile:

A — rank M ().

The first main theorem proves that, for class-two exponent-p groups, this rank profile determines
the distribution of every word. Thus Pfaffian representations of the same curve give word-measure
twins. However, Pfaffian representations of a fixed curve are not unique. They are parametrized
by vector bundles on C'. In particular, line bundles

LePics 1 (C), n'C,L)=0,

give determinantal representations, hence decomposable Pfaffian representations. This pro-
duces > pY non-isomorphic groups with identical word distributions. The theorem has several
consequences. First, hom-counts from all one-relator groups do not determine a finite group. In-
deed,

|Hom({x1,...,zs | w=1),G)|

is exactly the identity fibre of wg. Second, all surface-group hom-counts agree in our examples,
since orientable surface groups have one-relator presentations. Third, no isomorphism procedure
using only a word-map distribution oracle can distinguish the constructed groups. Fourth, the
examples have the same character-degree distribution and the same character-degree zeta function.
Finally, the examples show a strict hierarchy. Ordinary word maps see only the Pfaffian curve.
Kernel tomography sees the kernel bundle over the curve, which is the missing moduli datum.



2 Alternating tensors and class-two exponent-p groups
Let k =TF,, where p # 2. Let

BNV W

be an alternating tensor. Define
Gg=VoWw
with multiplication
(v,2)(v, 7)) = (v +v 2+ 2 + ;ﬁ(v,v’)> .
Then G has nilpotency class at most 2 and exponent p. Its commutator is

[('U, Z)? (UI7 Z/)] - (07 /8(7)7 U/))'

The center is

Z(Gg) = rad(8) & W,

where

rad(f) ={veV:p(v,V)=0}
The derived subgroup is
G =impB CW.

Thus G is special precisely when

rad(5) = 0, impg3=W.
If Gg and Gy are special, then

G@ ~2d B’

if and only if the tensors are pseudo-isometric: there exist

S eGL(V), T e GL(W)
such that

TB(“? U) = B/(Suv S’U)

for all u,v € V.



3 Strong word-measure twins

Let G, H be finite groups. We call G and H strong word-measure twins if there exists a bijection

. G- H

such that, for every word w € Fj, for every s > 1,

(b*,ulw,G = Hw,H-

Equivalently, for every word w and every h € H,

w1 (h) = pro, (27 (R)).
This is stronger than saying that the word-map fibre-size multisets agree. The equality is
word-by-word under one fixed bijection of underlying sets.
4 Word measures in class two and exponent p
Let

GﬁZV@W
Let

w € Fy

be a word. In the relatively free group of nilpotency class 2 and exponent p, every word has a
unique normal form

— a1 a . 1bij
w=uzxy' -z H (@i, x;]7,

1<i<j<s
where
a;, bl'j € IFp.
Let
a=(ay,...,as).

Let B = (By;) be the alternating s x s matrix with

B =bij (i <j), Bji = —bij, Bi; = 0.
We separate two cases.

Lemma 4.1 (Noncentral words are uniformly distributed). If

a#0,

then the word map

w:G%—>G5

has the uniform distribution on Gg.



Proof. Write

g; = (vl-,zi) eVaeWw
The V-coordinate of w(gi, ..., gs) is

s
Z a;v;.
=1

Since some a; # 0, this is uniformly distributed on V. The W-coordinate has the form

s
Zaizi + Q(Ulu e 7/1)8)7
=1

where @ is a fixed W-valued expression depending on § and w. Condition on all v;’s and on all
zj’s except one z; with a; # 0. Then the term
;24

makes the W-coordinate uniform on W. Since the V-coordinate depends only on the v;’s, the
total output is uniform on

VoW

Lemma 4.2 (Central word distributions are determined by scalar ranks). Assume

a=0.
Then the word is central and
w(gla R 798) - waﬁ(vlavj) ew.
1<j
Let
2t = rank B.

For every A € W*, the Fourier coefficient of the word distribution at X is

ﬁw 5()‘) — pft rank()\o/j).

Proof. Let

A)\:)\O,B.

The Fourier coefficient is

fw,3(A) = Egy . v,ev? (Z bz’jAA(vi,vj)) :

1<j
Since B is alternating of rank (2t), there is a linear change of variables in F, putting B into the
standard form



H(1)* 0.

This induces a measure-preserving linear bijection of V%. Therefore the exponent becomes

t
ZA/\(’LLE, ’Ug).
=1

The expectation factors:

~+

fiw,3(A) = ] Bugveev o (Ax(ug, ve).
=1

For any bilinear form A,

Evvev(A(u,v)) =p~ rank A

Thus

Nw,ﬁ()\) P trankAA

Theorem 4.3 (Word-measure compression theorem). Let
B: AV — W, B AV - W
be alternating tensors over Iy, with
dimV = dim V’, dim W = dim W',

Suppose there exists an isomorphism

T:-W W

such that
rank(\ o ) = rank((A o T ) 0 §)
for every
Ae W™

Then, for any linear isomorphism

S:V =V,
the bijection

D Gﬂ — Glgl, (13(1),2’) = (S?),TZ),

satisfies

(P*,U/QU,GB = Nw,Gﬂ/

for every word w. In particular, Gg and Gg are strong word-measure twins.
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Proof. Let w € Fs. Write its class-two exponent-p normal form as above. If a # 0, Lemma 4.1
shows that both word distributions are uniform. The bijection ® sends the uniform distribution on
G to the uniform distribution on Ggr. If a = 0, the distribution is supported on W. By Lemma
4.2, its Fourier coefficient at A € W* is

p—t rank(Aof) .

For G g, the Fourier coefficient at
NoT™t e (W)
is
pftrank(()\oT_l)oﬁ’)‘

These are equal by hypothesis. Fourier inversion on the finite abelian group W gives equality
of the central distributions after identifying W and W’ by T'. Therefore every word distribution is

preserved by ®.
O

5 Pfaffian nets

Let

A tensor

BNV W

is a net of alternating forms. Choose coordinates

Zo,T1,T2

on W*. The tensor gives a skew-symmetric matrix

Mg(mo,xl,l‘g) = x9Ag + x1A71 + 22 A5.
Its Pfaffian

Fy = PE(Mp)

is a homogeneous polynomial of degree d. It defines a plane curve

Cp = {Fg =0} C P2
If Cp is smooth, then

2d, (Al ¢ C,
2d -2, [A€Cs.
Indeed, away from Cpg, the Pfaffian is nonzero, so the matrix is invertible. On Cj3, smoothness

excludes corank at least 4, since the singular locus of the Pfaffian hypersurface is exactly the
corank-> 4 locus.

rank Mg(\) = {



Theorem 5.1 (Same Pfaffian curve gives word-measure twins). Let

M, M’

be two linear Pfaffian representations of the same smooth plane curve

C=F=0cCP?
of degree d. Let

BM’ﬁM/ : A2k2d — k'g

be the associated tensors. Then

Gy
and
GBar
are strong word-measure twins.
Proof. For every nonzero
xe (k)
we have
2d A
rank M(\) = ’ Al ¢ C,
2d—-2, [NeC.

The same formula holds for M’. For A = 0, both ranks are 0. Thus the scalar rank profiles

coincide. Theorem 4.3 gives strong word-measure equivalence.

Corollary 5.2 (Geometric word-measure twins over all finite extensions). Suppose k = Fp, and
M, M’ are Pfaffian representations over k of the same smooth plane curve C/k. Then for every

finite extension

K/k,
the groups

GBM (K) and GﬁM/ (K)

are strong word-measure twins.

Proof. After base change to K, the two representations still have the same smooth Pfaffian curve
Cxk. Hence their scalar rank profiles over K coincide. Theorem 4.3 applies over K.



6 Non-isomorphism

Two Pfaffian representations

M, M’

of a plane curve are equivalent if there exist

P e GLyy(k), T € GL3(k), cek™,

such that
M'(x) = ¢ PTM(Tz)P.
If
GBM = Gﬁ]\/ﬂ

and both groups are special, then

Bm
and

Bumr

are pseudo-isometric. This is exactly equivalence of the corresponding Pfaffian representations,
allowing the target change T. If M and M’ represent the same fixed curve C, then any such
target change T must preserve C. Therefore, if C' has trivial projective automorphism group,
pseudo-isometry forces equivalence with fixed projective coordinates.

7 Pfaffian representations from line bundles
Let
C cP}

be a smooth plane curve of degree d. Its genus is

(d-1)(d—2)
B 2
A theorem of Beauville identifies linear determinantal representations of C' with line bundles

L € Pic?"}(0)
satisfying

ho(C, L) = 0.

For such L, there is a d x d matrix of linear forms

Dy (xo, 1, 22)

10



such that

det Dy, = F.

From Dy, define the skew-symmetric 2d x 2d matrix

- 0 Dy,
Then

Pf(P,) = +F.

After changing sign if necessary, Pr, is a Pfaffian representation of C. The associated rank-2
bundle is

E,=L® (Kco L™,

The involution

Lr—)KC®L71

interchanges the two summands. Apart from this involution, the decomposable Pfaffian repre-
sentations are distinct. Indeed, if

Lo(KeoL ™ HY=2Lao(Keceo L™,

then by Krull-Schmidt for vector bundles on curves,

L'=L o L'=Kc® L™,

except at the fixed points of the involution.

8 Counting finite-field examples

Fix

Let

Pa

be the projective space of homogeneous ternary forms of degree d. The locus parameterizing
smooth plane curves with trivial projective automorphism group contains a nonempty open subset.
For all sufficiently large primes p, this open subset has F)-points. Choose

C/Fp
in this open subset. For p >, 1, the Hasse-Weil bound gives

C(Fp) # 2.

11



Hence

Pict ™! (C)(F))

has a rational point and is a torsor under

Jo(Fp),

where J¢o is the Jacobian. Therefore

| Picd ™ (O)(Fp)| = |Jo(Fyp)l.
The Weil bounds for Jo give

1Jo(Fp)| = p? + Oa(p?™2).
Let

0 = {L e Pic? 1 (C) : R°(C, L) > 0}

be the theta divisor. Since © is a divisor of bounded degree depending only on d,

O(F,)| = Oa(p?™).
Thus

Uc(F,) = {L € Pic!”' (C)(F,) : h°(C, L) = 0}

satisfies

Uc(F,)| = p? + Oa(p?~2).

The involution

L—Ke®L!

has fibres of size at most 2. Its fixed points are contained in
Pic(C)[2],
which has cardinality at most
2%,
Therefore, for p >4 1, the quotient contains at least

cap?

classes, for some constant

cqg > 0.

For every such class choose L, build Pr, and let

. A2m2d 3
BL'AFp —)IFp

be the associated tensor.

12



9 Speciality of the associated groups
We verify that the groups obtained from the tensors §; are special.
Lemma 9.1 (Surjectivity). The image of
. A2m2d 3
5 L A Fp — Fp
is all of
3
.
Proof. If the image were a proper subspace, then the coefficient matrices of

Pr(xg, 1, 2)

would span a subspace of dimension at most 2. After a linear change of coordinates, P, would
depend on at most two variables. Then

Pf(Py) = F

would depend on at most two variables. A homogeneous plane curve defined by a binary form
of degree at least 2 is singular: over an algebraic closure, the binary form is a product of linear
forms, and all corresponding lines pass through a common point. This contradicts smoothness of

C.
O

Lemma 9.2 (Radical-freeness). The radical of

AL
s zero.
Proof. If
0 # v € rad(fL),
then
Pr(z)v=0
for every

x = (zo, 21, T2).

Thus every matrix Pp(x) is singular. Therefore

Pt(Pp)

is identically zero. But

Pf(Py) = +F

and

13



F#0.

Contradiction.

Corollary 9.3. The group

G, = Gpg,
is special, of nilpotency class 2, exponent p, and order

2d+3
p .

10 Main finite-field theorem

Theorem 10.1 (Large families of word-measure twins). For every integer

d >4,
there exist constants
po(d), ca>0

such that, for every odd prime

p 2 pO(d)a
there exist at least

d—1)(d—2
Cdpg7 g = ( )2( )7

pairwise non-isomorphic special p-groups

Gi,...,GN

of nilpotency class 2, exponent p, and order

p2d+37
such that
G;
and
G

are strong word-measure twins for all i, 7.

14



Proof. Choose a smooth plane curve

C/Fyp
of degree d with trivial projective automorphism group, as in Section 8. From the set
Uc (Fp)
of line bundles L € Pic?™!(C)(F,) with h°(L) = 0, quotient by the involution
L~Kec® L
For p >4 1, this gives at least
cap?
inequivalent decomposable Pfaffian representations
Py,
of the same curve C. Each Py, gives a special group
Gr
of order

2d+3
p .

Since all Pr, have the same Pfaffian curve C', Theorem 5.1 implies that all G, are strong word-
measure twins. It remains to prove pairwise non-isomorphism. If
GL=Gr,
then, since the groups are special, their commutator tensors are pseudo-isometric. Hence the
Pfaffian representations
Pr,  Pr

are equivalent up to a projective automorphism of C'. But C has trivial projective automorphism
group. Therefore the Pfaffian representations are equivalent with fixed projective coordinates. By
the decomposable classification,

L'=L or I'=Kc® L.

These have already been identified in the quotient. Thus the selected groups are pairwise
non-isomorphic.

O
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11 Entropy of the word-measure fibre
Let

NG = logp |G|

For the groups above,

Ng = 2d + 3.

The fibre of the complete word-measure profile contains at least

CapP

groups, where

Therefore

(Ne = 5)(Ng = 17)
8

Thus the complete collection of all single-word distributions may leave an ambiguity whose
logarithmic size is quadratic in

logp ‘ Fibword<G)’ > + Od(l)

log, |G|.

12 Full-moduli geometric refinement
The previous construction used only the decomposable Pfaffian representations

E,=L& (Koo L.

There is a larger geometric family. Let & be algebraically closed. Buckley—Kosir identify equiv-
alence classes of linear Pfaffian representations of a smooth plane curve C with an open subset

UC C Mc(2, Kc),

where Mc(2, K¢) is the moduli space of semistable rank-2 vector bundles with determinant
K¢, and the open condition is

h°(C,E) = 0.

The dimension is

dim M¢(2,K¢) = 39 — 3.
All Pfaffian representations in U have the same Pfaffian curve C, and therefore the same word-
measure profile. Thus, over an algebraically closed field, the word-measure fibre contains an open
subset of dimension

39 — 3.

16



Over finite fields, the same reasoning gives the following refinement under an explicit rationality
hypothesis.

Remark 12.1 (Hypothesis FM). For a smooth plane curve C/F,, assume: the Pfaffian moduli
open
Uc C Mc(2,Kc)

is geometrically irreducible and nonempty over F,; every rational point of Uc(F)) corresponds
to a Pfaffian representation defined over Fy,; the quotient by projective equivalence has fibres of size
bounded by a constant depending only on d.

Theorem 12.2 (Full-moduli finite-field refinement). Assume Hypothesis FM for a smooth plane
curve

C/Fp
of degree d with trivial projective automorphism group. Then, for p >4 1, there are at least
cqp®?
pairwise non-isomorphic special class-two exponent-p groups of order
p2d+3

with identical word-map distributions for every word.

Proof. By Lang—Weil,

7
[Uc(Fp)| = p*7° + Oa(p™2).

By Hypothesis FM, these rational points give Pfaffian representations over I, and equivalence
classes have bounded fibres. All representations have the same Pfaffian curve C, hence give strong
word-measure twins by Theorem 5.1. The same speciality and non-isomorphism arguments from
Sections 9 and 10 apply.

O
13 Local scalar collapse

The previous results concern ordinary word maps over finite groups. We now record a stronger
local scalar statement. Let R be a finite local principal ring with residue field of odd characteristic.

Let
H(a) = (_Oa 8) .

Lemma 13.1 (Local alternating normal form). Let

M € My(R)

be skew-symmetric. If the reduction of M modulo the mazximal ideal has rank at least

17



2d — 2,

then M 1is congruent over R to

H(1)®9=1) ¢ H(a)

for some
a € R.
Moreover,
Pf(M) = ua
for some unit
u€ R”.

Proof. Since the reduction has rank at least (2d-2), there is a skew-symmetric minor of size (2d-2)
whose Pfaffian is a unit. Thus one has a free direct summand on which the alternating form is
unimodular. Symplectic Gram—Schmidt over the local ring splits off

d—1
unit hyperbolic planes

H(1).

The orthogonal complement has rank 2, and every alternating form on a free rank-2 module
has the form

H(a).

The Pfaffian is multiplicative under orthogonal direct sums, and each H (1) contributes a unit.
Hence

Pf(M) = ua.

Theorem 13.2 (Universal scalar local collapse). Let
M, M’

be two Pfaffian representations of the same smooth plane curve

C=F=0.
Let

R

be a finite local principal ring of odd residue characteristic, and let

18



Then

M(N)
and

M'(N)
are congruent over R.

Proof. Let
A

be the reduction of \. If

e
then

F()\) € R*

Thus both

M(N)
and

M'(X)

are unimodular alternating forms. Every unimodular alternating form over a local ring with 2
invertible is congruent to

H(1)%,
Hence they are congruent. Now suppose
AeC.
Since C' is smooth, the reduction of either matrix has corank exactly 2. Lemma 13.1 gives
M) ~ H(1)®D @ H(a),
with
F(\) =Pf{(M((\)) = ua

for a unit u. Multiplying a by a unit does not change the congruence class of H(a), so

M(\) ~ H(1)®@=D @ H(F(\)).

The same argument gives
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M'(\) ~ H(1)®@=D ¢ H(F())).
Therefore
M(X) ~ M'(\).
OJ

Corollary 13.3. Every pointwise scalar observable invariant under congruence gives identical out-
put on two Pfaffian representations of the same smooth curve. This includes: scalar rank profiles;
scalar Smith profiles over finite principal local rings; scalar Fourier coefficients; scalar Artin mo-
ments; central single-output scalar commutator-word distributions.

14 Kernel tomography separates the twins

The word-measure results show that ordinary word maps cannot distinguish the groups G;. Kernel
tomography can see the missing geometry. Let M be a Pfaffian representation of a smooth plane
curve C. On C, the matrix M (x) has corank 2. Therefore

Ky = ker(M|c)

is a rank-2 vector bundle on C. Define the projectivized kernel incidence

Py = {(x,[v]) € C x P*~1: M(x)v = 0}.

Kernel-MVMT recovers this incidence. Indeed, for a line

Lcv

and a scalar tag

e Wr,

consider the source-restricted commutator distribution

(u,v) € L x V — B(u,v).

Its Fourier coefficient at \ is

Euer, vev (Ao B)(u,v)) = p~ #k((AoB)lL),

Since L is one-dimensional,

rank((Xo B)L) =0
if and only if

L C ker(Ao f).
Thus Kernel MVMT detects the incidence

L Cker M(\).

20



As X\ ranges over C, it recovers

PIChs.
The projectivization of a rank-2 bundle determines the bundle up to tensoring by a line bundle:
P(E)2P(EF) = FEFE®N.
If
det E > det B’ =~ K¢,
then
N®?2 o~ Oc¢.
Hence projective kernel data reduces the word-measure fibre to at most a finite
Pic(C)][2]
ambiguity. Over an algebraic closure,
| Pic(C)[2]| = 2%.
Thus, even after quotienting by this finite ambiguity, the decomposable family still contains

>4 p?

classes visible to Kernel-MVMT but invisible to all ordinary word maps. Under Hypothesis
FM, the same conclusion holds with

>y p3973

in place of

>4 pg.

15 Applications

15.1 'Word maps do not classify finite groups

Theorem 10.1 proves that the complete collection of word-map probability distributions

Pwa:w € Fg, s>1

does not determine a finite group up to isomorphism. The examples are special p-groups of
class 2 and exponent p, and the word-measure fibre has size at least

cap?.

21



15.2 One-relator hom-counts do not classify finite groups

Let

Ly = (x1,...,25 |w=1)

be a one-relator group. Then
|Hom(T'y, G)| = [{(g1,-.-,9s) € G° : w(g1,...,9s) = 1}|.
Therefore, if G;, G are groups from Theorem 10.1,

| Hom(I'y, G3)| = [Hom(T'w, Gj)|

for every one-relator group I',,. Thus hom-counts from all one-relator groups do not determine
a finite group.
15.3 Surface-group counts
The fundamental group of a closed orientable surface of genus h has presentation

h
H[ai,bi] = 1> .

m1(Zp) = <a17b17 ooy ap, by
=1

Hence the groups in Theorem 10.1 have the same hom-counts from every closed orientable
surface group:

| Hom(my (Ep), Gi)| = | Hom(m1 (), Gj)l-
Equivalently, they have the same untwisted finite-gauge surface partition functions. We do not
claim equality of twisted Dijkgraaf-Witten theories.
15.4 Word-map oracle lower bound

Suppose an isomorphism procedure is given oracle access to

W fw,G

for every word w. On the families constructed in Theorem 10.1, this oracle is identical for all
groups in the family. Therefore no procedure using only this oracle can decide isomorphism on
these inputs. This is an information-theoretic obstruction: the invariant is not merely hard to
compute; it is insufficient.

15.5 Character-degree zeta functions

For special class-two exponent-p groups, irreducible character degrees are controlled by the ranks
of the scalar forms

Ao f.

Indeed, for a functional
e W™,
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the corresponding coadjoint orbits have size

prank()\oﬁ)

Y

and the associated irreducible characters have degree

p% rank(Aof)

Thus the character-degree multiset and the character-degree zeta function are determined by

the scalar rank profile. The groups in Theorem 10.1 therefore have the same character-degree zeta
function. We do not claim that their full character tables coincide.

15.6 Commutator-factorization profiles

For every

consider the word

Ct = [mlayl] e [xtvyt}‘

The groups in Theorem 10.1 have identical distributions of ¢;. Therefore, for every corresponding
central element z,

#{(i, vi) (21, 1] [z, 9] = 2}
is the same in all groups in the family. Thus all commutator-factorization statistics coincide,
even though the groups are non-isomorphic.

15.7 Benchmark families for p-group isomorphism

The examples have: the same order; the same exponent; the same nilpotency class; the same derived
subgroup dimension; the same Pfaffian curve; the same word-map distributions for every word; the
same character-degree zeta function. They are nevertheless non-isomorphic. Thus they are natural
benchmark families for invariants and algorithms for class-two exponent-p group isomorphism and
for alternating matrix space isometry.

16 Limitations

This paper proves failure of all ordinary single-word distributions. It does not claim that all multi-
output word systems fail. In fact, Kerne-MVMT is designed precisely to distinguish the examples
by recovering kernel incidence data. The paper also does not claim equality of full character tables,
nor equality of twisted Dijkgraaf—~Witten theories. The unconditional finite-field construction gives

>qp7

examples. The larger

>y p3g—3

family is stated under Hypothesis FM, which isolates the finite-field rationality and descent
issues for the full Pfaffian moduli open.
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